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Abstract 



\^ ' We consider the following quasi-linear parabolic system of backward partial differential 

equations 

{dt + L)u + /(•, •, u, Vug) = on [0, T] xW^ ut = <p, 



where L is a possibly degenerate second order differential operator with merely measurable 
coefficients. We solve this system in the framework of generalized Dirichlet forms and 
employ the stochastic calculus associated to the Markov process with generator L to obtain 
j3 ' a probabilistic representation of the solution u by solving the corresponding backward 

stochastic differential equation. The solution satisfies the corresponding mild equation 
which is equivalent to being a generalized solution of the PDE. A further main result is 
the generalization of the martingale representation theorem using the stochastic calculus 
associated to the generalized Dirichlet form given by L. The nonlinear term / satisfies a 



00 . monotonicity condition with respect to u and a Lipschitz condition with respect to Vu 



Keywords: backward stochastic differential equations, quasi-linear parabolic partial differential equations, 
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1 Introduction 

Consider the following quasi-linear parabolic system of backward partial differential equations 

{dt + L)u + f{-,-,u,Vua) = on[0,T]xW^ ut = (j), (1.1) 

where L is a second order linear differential operator and / is monotone in u and Lipschitz in Vu. 
If L has sufficiently regular coefficients there is a well-known theory, to obtain a probabilistic 
representation of the solutions to (1.1), using corresponding backward stochastic differential 
equations (BSDE) and also to solve BSDE with the help of (1.1), originally due to E. Pardoux 
and S. Peng ([17]). The main aim of this paper is to implement this approach for a very general 
class of linear operators L, which are possibly degenerate, have merely measurable cofficients 
and are in general not symmetric. Solving (1.1) for such general L is the first main task of this 
paper. The second main contribution is to prove the martingale representation theorem for the 
underlying reference diffusion generated by such general operators L. 
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If / and the coefficients of the second-order differential operator L are sufficiently smooth, 
the PDE has a classical solution u. Consider Y"/'^ := u{t,X^'^), Z^'^ := Vua(t, X^'^) where 
X'^'^, s < t < T, is the diffusion process with infinitesimal generator L which starts from x at 
time s. Then, using Ito's formula one checks that (^/'^, Zl'^)s<t<T solves the BSDEs 

Vr = <P{X'/) + r f{r, Xp^, F/'^ Zp^)dr - f Zp^dB,. (1.2) 

Conversely, by standard methods one can prove that (1.2) has a unique solution (F/'^, Zp^)s<t<T 
and then u{s, x) := F/'^' is a solution to PDE (1.1). BSDEs have been introduced (in their actual 
form) by Pardoux and Peng [17] and found applications in stochastic control and mathematical 
finance. If / and the coefficients of L are Lipschitz continuous then a series of papers (e.g. [2], 
[16] and the reference therein) prove that the above relation between PDE (1.1) and BSDE (1.2) 
remains true, if one considers viscosity solutions to PDE (1.1). In both these approaches, since 
the coefficients are Lipschitz continuous, the Markov process X with infinitesimal operator L is 
a diffusion process which satisfies an SDE and so one may use its associated stochastic calculus. 

In [2] Bally, Pardoux and Stoica consider a semi-elliptic symmetric second-order differential 
operator L ( which is written in divergence form ) with measurable coefficients. They prove 
that the above system of PDE has a unique solution u in some functional space. Then using 
the theory of symmetric Dirichlet forms and its associated stochastic calculus, they prove that 
the solution F*'^' of the BSDE yields a precised version of the solution u so that, moreover, one 
has y/'^ = u{t, Xt-s), P^-d^-s. In [21], the analytic part of [2] has been generalized to a non- 
symmetric case with L satisfying the weak sector condition. Here the weak sector condition 
means 

((1 - L)u, v) < K{{1 - L)u, uY^^iil - L)v, vY^^, for u,v E V{L), 
for some constant K > 0. A.Lejay ([13]) and L. Stoica ([24]) consider the generator L = 
\ Yltj=i '^i^ij'£r) ~^ Yl'i=i^ii^)'£r bounded a,b. In their case, the operator L generates 
a semigroup (-Pt), which possesses continuous densities satisfying Aronson's estimate. In [28], 
T.S. Zhang and Q.K.Ran (see also [27]) consider L of a more general form, but a = {aij) is 
required to be uniformly elliptic and b E for p > d. Anyway, since L satisfies the weak 
sector condition in this case, it generates a sectorial ( i.e. a small perturbation of a symmetric) 
Dirichlet form, so the theory of Dirichlet forms from [14] can be applied in [27], [28]. 

In [23] Stannat extends the known framework of Dirichlet forms to the class of generalized 
Dirichlet forms. By this we can analyze differential operators where the second order part may 
be degenerate and at the same time the ffist order part may be unbounded satisfying no global 
L^-condition for p > d. The motivation for this paper is to extend the results in [2] to the case, 
where L generates a generalized Dirichlet form so that we can allow the coefficients of L to be 
more general. 

In this paper, we consider PDE (1.1) for a non-symmetric second order differential operator 
L, which is associated to the bilinear form 
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for u,v & C^{M.'^), where C^(]R'') denotes the space of infinitely differentiable functions with 
compact support. We stress that (ajj) is not necessarily assumed to be (locally) strictly positive 
definite, but may be degenerate in general. When b = 0, the bilinear form S satisfies the weak 
sector condition. In the analytic part, the condition we assume for the perturbation term given 
by 6 is feo" G L^(M'^; W^,m). Here aa* = a and a* is the transpose of the matrix of a. In the 
probabilistic part, we have more general condition on b (i.e. b G L^^^, for p > d see Example 
5.6). That implies that we do not have the weak sector condition for the bilinear form. We use 
the theory of generalized Dirichlet forms and its associated stochastic calculus ( cf [22, 23] [25, 
26]) to generalize the results in [2]. Here m is a finite measure or Lebesgue measure on M.'^. If 
D is a bounded open domain, we choose m as lD{x)dx. Then in certain cases the solution of 
PDE (1.1) satisfies the Neumann boundary condition. If we replace C^(M'^) by C^{D), the 
solution of PDE (1.1) satisfies the Dirichlet boundary condition. 

In the analytic part of our paper, we do not need £^ to be a generalized Dirichlet form. 
We start from a semigroup (Pf) satisfying conditions (Al)-(A4), specified in Section 2 below. 
Such a semigroup can, however, be constructed from a generalized Dirichlet form. It can also 
be constructed by other methods (see e.g. [11]). Under conditions (Al)-(A4), the coefficients 
of L may be quite singular and only very broad assumptions on a and b are needed (see the 
examples in Section 4 and Section 5, which to the best of our knowledge could not be covered 
by other results). 

The paper is organized as follows. In Sections 2 and 3, we use functional analytical methods 
to solve PDE (1.1) in the sense of Definition 2.3, i.e. there are sequences {n"} which are strong 
solutions with data (0", f^) such that 

- u\\t ^ 0, ll^'^ - 0II2 ^ 0, hm r = / in ^^([0, T]; L^). 

Here || ■ \\t (sup^^. || ■ II2 + Jq ^c2+ii')^^y^'^^ where S"'''' is the summand in the left hand side 
of (1.3) with b = 0. The above definition for the solution is equivalent to that of the following 
mild equation in L^-sense 

u(t, x) = PT-t(p{x) + Ps-tf{s, -, Us, D„Us){x)ds. 

If we use the definition of weak solution to define our solution as in [2], uniqueness of the 
solution can not be obtained since only |fecr| G L^(M'^; m). Furthermore, the function / in PDE 
(1.1) need not be Lipschitz continuous with respect to the third variable; monotonicity suffices. 
And /i which appears in the monotonicity conditions (see condition (H2) in Section 3.2 below) 
can depend on t. f is, however, assumed to be Lipschitz continuous with respect to the last 
variable. We emphasize that the first order term of L cannot be incorporated into / without 
the condition that b is bounded. Hence we are forced to take it as part of L and hence have 
to consider a diffusion process X in (1.2) which is generated by an operator L which is the 
generator of a (in general non-sectorial) generalized Dirichlet form. We also emphasize that 
under our conditions, PDE (1.1) cannot be tackled by standard monotonicity methods (see 
e.g. [3]) because of the lack of a suitable Gelfand triple V G H G V* with V being a refiexive 
Banach space. 

In Section 4, we extend the stochastic calculus of generalized Dirichlet forms in order to 
generalize the martingale representation theorem. In order to treat BSDE, we show in Theorem 
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4.8 that there exists a set of null capacity M outside of which the following representation 
theorem holds : for every bounded J-'oo-measurable random variable ^, there exists a predictable 
process (0i, 0^) : [0, oo) x — M"^, such that for each probability measure z/, supported by 
\ M, one has 

As a result, one can choose the exceptional set N' such that if the process X starts from a point 
of jV'^, it remains always in this set. As a consequence we deduce the existence of solutions for 
the BSDE using the existence for PDE (1.1) in the usual way, however, only under P™, because 
of our general coefficients of L (c.f. Theorem 4.12). 

In Section 5, we employ the martingale representation to deduce existence and uniqueness 
for the solutions of BSDE (1.2). Moreover, we give Example 5.6 satisfying Assumption (A5), 
which to the best of our knowledge could not be treated by other techniques. As a consequence, 
in Theorem 5.7, existence of solutions for PDE (1.1), not covered by our analytic results in 
Section 2, is obtained by u{s, x) = Yf, where is the solution of the BSDE. Moreover we 
have, Yf = u{t, Xts), P'^-a^-s., x G R'^\X. 



2 Preliminaries 

Let 0" : M"' H- M*^ (8> M'^ be a measurable map. Then there exists a measurable map r : M'^ H- 
M'^ ® R'^ such that 

ar = T a , ra = a r , ara = a. 

(see e.g. [2, Lemma A.l]). Here a* is the transpose of the matrix of a. Then a := aa* = 
{(^ij)i<i,j<d takes values in the space of symmetric non-negative definite matrices. Let also 
6 : M"^ — )■ M'^ be measurable. Assume that the basic measure m{dx) for the generalized Dirichlet 
form, to be defined below, is a finite measure or Lebesgue measure on Mf^. 

Denote the Euclidean norm and the scalar product in M*^ by | ■ |, (■, ■) respectively, while 
on the space of matrices M.^ ® R^ we use the trace scalar product and its associated norm, 
i.e., for z = (zij) e M'^ ^ M^ (^1,^2) = trace(ziz*), |z| = (Ef=i Ejli zfj)^/^- Let L^, L^{R^;R'') 
denote L^{R'^,m), L^(M'^,m;M^) respectively. And (■, ■) denotes the L^-inner product. And for 
l<p<oo, ||-||p denotes the usual norm in L^iR'^; m). If is a function space, we will use 
hW to denote the bounded function in W . 

Furthermore, let aij,J2'^^^aijbj,J2'^=iO-ijbj E Ll^^(R'^,m) and c G LJqj,(M'^, M+; m). We 
introduce the bilinear form 




Consider the following conditions: 
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(Al) The bilinear form 

i,j=l XX 

is closable 

Define £i{-,-) := £""{■,■) + (■,■)• The closure of C^(]R'^) with respect to £^ is denoted by 
F"-. Then {S"',F°-) is a well-defined symmetric Dirichlet form on L^(M'^,m). 

For the bilinear form 

S'''\u,v) : = 22 / + / c{x)u{x)v{x) 

+ ^ / ^a,j{x)bj{x)—^v{x)m{dx), 
i=i j=i ^ 

we consider the following conditions: 

(A2) There exists a constant cs > such that S^f{-, ■) := S^^^-, ■) + C2(-, ■) is a coercive closed 
form (see e.g. [14]), and there exist constants ci, C3 > such that for u G C^(M'^) 

c,S%u,u)<S:^\u,u), (2.1) 

and 

cu^dm < CsiS^'iu, u) + \\u\\l). (2.2) 



Denote S'''\u,v) := S^'^^u^v) + £"'^(t;,M). The closure of C^{R'^) with respect to ^"di is 
denoted by F. By (2.1) we have F C F". And for m e F (2.1) and (2.2) are satisfied. 

(A3) |&cr| G L^lW^-jTri) and there exists a > such that 

/(..,(V.V).™>-„||.||l.eCr(M^), (2,3) 

(A4) There exists a positivity preserving Co-semigroup Pt on L^(R'^;m) such that for any 
t G [0,T],3Ct > such that 

||P*/||oo<Cr||/||oo. 

Then for < t < T, Pt extends to a semigroup on L^(]R'^; m) for all p G [1, 00) by the Riesz- 
Thorin Interpolation Theorem (denoted by Pt for simplicity) which is strongly continuous on 
L^(]R^; m). We denote its L^-generator by (L, T>{L)) and assume that bV{L) C bF, and for any 

u EbF there exists uniformly bounded m„ G ^^(iv) such that ^"j+il""" — m) — )■ and that it is 
associated with the bilinear form in the sense that S{u,v) = —{Lu,v) for u,v ^ bT?{L). 

We emphasize that in contrast to previous work Pt in (A4) is no longer analytic on L'^(M.'^; m). 
By (A4) there exist constants Mq, Cq such that 

\\Ptfh < ^oe^°1/||2, V/ G L'iR'-.m). (2.4) 
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To obtain a semigroup Pt satisfying the above conditions, we can use generahzed Dirichlet 
form. Let us recall the definition of a generalized Dirichlet form from [23] . Let E he a. Hausdorff 
topological space and assume that its Borel cr-algebra B{E) is generated by the set C{E) of all 
continuous functions on E. Let m be a a-finite measure on {E, B{E)) such that "H := L'^{E, m) 
is a separable (real) Hilbert space. Let {A, V) be a coercive closed form on "H in the sense of 
[14]. We will always denote the corresponding norm by || ■ ||v. Identifying "H with its dual Ti' 
we obtain that V —> Ti = Ti' V densely and continuously. 

Let (A,D(A,'H)) be a linear operator on "H satisfying the following assumptions: 

(i) (A,Z)(A,'H)) generates a Co-semigroup of contractions {Ut)t>o on "H. 

(ii) V is A-admissible, i.e. if {Ut)t> can be restricted to a Co-semigroup on V. 

Let (A, J-") with corresponding norm || ■ be the closure of A : D{A,'H) fl V — !■ V as an 
operator from V to V and (A, J-") its dual operator. 
Let 

^ ^ f A{u, v) - (Am, v) a u e J',v eV 

Here (■, ■) denotes the dualization between V and V and (■, ■) coincides with the inner product 
(■, ■)h in H when restricted to if x V. And Sa{u, v) := £{u, v) + a{u, v)-^ for a > 0. We call £ 
the bilinear form associated with (-4, V) and (A, Z}(A, "H)). If 

M G ^ A 1 e V and 8{u, m - m+ A 1) > 

then the bilinear form is called a generalized Dirichlet form. If the adjoint semigroup {Ut)t>o of 
{Ut)t>a can also be restricted to a Co-semigroup on V. Let (A,D(A, "H)) denote the generator 
of {Ut)t>o on "H, A{u,v) := A{v,u),u,v G V and let the coform £ be defined as the bilinear 
form associated with (^4., V) and (A,D(A, "H)). 

Remark 2.1 (i) Some general criteria imposing conditions on a in order that £°' be closable 
are e.g. given in [12, Section 3.1] and [14, Chap II, Section 2]. 

(ii) There are examples considered in [14, Chap. II, Subsection 2d] satisfying (A2). Assume 
the Sobolev inequality 

\\u\\q < C{£%u,u) + ||n||2)i/2, Vn G Co"^(R'^), 

is satisfied, where ^ + 2 ~ 1 ^^'^ II ' H"? denotes the usual norm in L*^. If |6cr| G L''(M'^;m) + 
L~(M'^;m) and c G L'^/^j^M'^; m) + L~(M'^;m), then (A2) is satisfied. In [28] they consider the 
bilinear form Q{u,v) = £"''^{u,v) + J {di{x) ,'Vv{x))u{x)dm, here di G L^(M'^),g > d. In their 
case, the result for the existence of the nonlinear PDE can be obtained by [18, Theorem 4.2.4] 
since the nonlinear part is Lipschitz in u and Vu. In our case, we have more general conditions 
on b and /, so that we can not find a suitable Gelfand triple V G H G V* with V being a 
reflexive Banach space and use monotonicity methods as in [18]. 

(iii) We can construct a semigroup Pt satisfying (A4) by the theory of generalized Dirichlet 
form. More precisely, suppose there exists a constant c > such that £c{-, •) := £{■, ■) + c(-, ■) 
is a generalized Dirichlet form with domain J-" x V in one of the following three senses: 

{a){E,B{E),m) = (M^ -B(M'^), m), 
(£,f,F) = (AV), 
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-{Au,v) - {c-C2)iu,v) = E?/E'=i«^^(^)^^(^)S^^(^)"^(^^) "'^ ^ C^iR"); 

(b) {E,B{E),m) = (M^i3(M'^),m), 
^ = and V = L'^{R'^,m), 

-{Au,v) = Sc{u,v) for u,v E C^{R'^) and Co~(M^) C V{L); 

(c) Sc = A, A = (In this case (£^c, V) is a sectorial Dirichlet form in the sense of [14]). 
Then there exists a sub-Markovian Co-semigroup of contractions associated with the 

generahzed Dirichlet form Sc- Define Pt := e'^^PIr. If it is a Co-semigroup on then it satisfies 
(A4). Then we have 

V{L) CTCF. 

(iv) The semigroup can be also constructed by other methods, (see e.g. [11], [4], [6]). 

(v) By (A3) we have that S is positivity preserving i.e. 

£{u,u+) > Vn G V{L), 

which can be obtained by the same arguments as [23, Proposition 4.4]. 

(vi) The condition that for any u G bF there exists uniformly bounded m„ G T>{L) such that 

C2+i(wn - m) ^ is satisfied if C^{R'^) cV{L). It can also be satisfied in the case of (iii) by 
the theory of generalized Dirichlet form. 

(vii) All the conditions are satisfied by the bilinear form considered in [11], [13], [22, Section 
1 (a)] and the following example which is considered in [23]. 

(viii) The notion of quasi-regularity for generalized Dirichlet forms analogously to [14] has 
been introduced in [23]. By this and a technical assumption an associated m-tight special 
standard process can be constructed. We will use stochastic calculus associated with this 
process to conclude our probabilistic results (see Section 4 below). 

Example 2.2 Let 6j G L^(]R'^; dx), 1 < i < d. Consider the bilinear form 

i,j — 1 i — 1 

Assume there exist constants c, L > such that 

J (6, Wu)dx < 2c\\u\\i for all u G C^{R'^),u> 0, 
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for all u G C^(R'^),u >0,he W^, 
(or equivalently, b is quasi- monotone, i.e. 

(6(x) - biy),x -y)< L\x - y\\ Vx, y eR\) 

and for some continuous, monotone increasing function / : [0, oo) — )• [1, oo) with = oo 

we have that 

\b{x)\<f{\x\),xER'. 
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Then in [23, Subsection II. 2] it is proved that there exists a generalized Dirichlet form in L^(M'^) 
extending E^. We denote the semigroup associated with by P^. If we define Pt := e'^^P^, 
then it is the semigroup associated with S. By the computation in [23, Subsection II. 2], Pt is 
sub-Markovian. So it satisfies the conditions (A1)-(A4). 

Further examples are presented in Section 4 (see Examples 4.2 and 4.3) and Section 6. 
Then we use the same notation F,Ct, \\-\\t associated with S""'^ as in [2]: Ct = C^{[0,T]] L^)n 
L^([0,T]; F), which turns out to be the appropriate space of test functions, i.e. 

Ct = W: [0, T] X R"' ^ R\(pt e F for almost each t, I £'''\^t)dt < oo, 

Jo 

t ipt is differentiable in L^and t — > dt(pt is ~ continuous on [0, T]}. 

Here and below we set S^^^u) for S'''\u,u). We also set C^afi] = C\[a,b];L^) n L'^{[a,b]] F). 
For ip E Ct, 'we define 

||^||t:= (sup 11(^,11^ + / S:;\^t)dtY/'. 

t<T Jo 

F is the completion of Ct with respect to || ■ \\t. By [2], F = C{[0,T];L^) n L^{0,T;F). We 
define the space F"- w.r.t. £^ analogous to F. Then we have F C F"-. We also introduce the 
following space 

W''\[0, T]- L\R')) = {ue L\[0, T]-L')- d^u G ^^([0, T]; L^)}, 
where dtu is the derivative of u in the weak sense (see e.g. [3]). 



2.1 Linear Equations 

Consider the linear equation 

(a* + L)n + / = 0, < t < T, 
ut{x) = 0(a;), X G M"^, 

where / e ^^([0, T]; L^), e L\ 

As in [2] we set D^ip := {Vip)a for any ip E C^{R'^), define Vo = {D„^ : ^ e C^(R'^)}, and 
let V be the closure of Vq in L^(]R'^; R''). Then we have the following results: 

Proposition 2.3 Assume (Al)-(A3) hold. Then: 

(i) For every u E F"' there is a unique element of V, which we denote by D^^u, such that 

(ii) Furthermore, if m G -F", then there exists a measurable function : [0,T] 
such that \(f)a\ G L^((0,T) x R"^) and D^ut = M for almost all t G [0,T]. 

(iii) Let G F'^ be such that ^ m in L'^{{0,T) x M"^) and p^w")™ is Cauchy in 
L2([0,T] X M'^;M'=). Then D^u"" D^u in L'^{{0,T) x M'^;M^), i.e. is closed as an operator 
from into L2((0,T) x R'^). 
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Proof See [2, Proposition 2.3]. □ 
For u & F,v & bF, we define 

S{u,v) := S"-'''{u,v) + / {ba,D„u)vm{dx). 



Notation We denote by the set of all measurable functions : M*^ — M*^ such that 
00- = D^u as elements of ^^(M'^, R''). 

2.2 Solution of the Linear Equation 

We recall the following standard notions. 

Definition 2.4 {strong solutions) A function u G F Cl L^{{0,T)]V{L)) is called a strong 
solution of equation (2.5) with data 0, /, if t h> = u{t, ■) is L^-differentiable on [0, T], dfUt G 
L^((0,T);L^) and the equalities in (2.5) hold m-a.e.. 

Definition 2.5 [generalized solutions) A function n G -F is called a generalized solution of 
equation (2.5), if there are sequences which are strong solutions with data {4'^,f"') such 
that 

- u\\t ^ 0, 110" - 0II2 ^ 0, lim r = / in ^^([0, T]; L^). 

Remark Here we use the definition of a generalized solution and prove it is equivalent to 
a mild solution in Proposition 2.9. If we use the definition of weak solution to define our 
solution as in [2], uniqueness of the solution in Proposition 2.9 can not be obtained since only 
\ba\ G L2(M'^;m). 



Proposition 2.6 Assume (A3)-(A4) hold. 

(i) Let / G C\[0,T];LP) for p G [l,cx)). Then Wt := Ps-tfsds G C\[0,T]; LP), and 

dtWt = -Pr-tfT + Ps^t.dsfsds. 

(ii) Assume that G V{L), f G C\[0,T]] L'^) and for each t G [0,T], ft G ©(L) . Define 
Ut := PT^t4>+ Ps~tfsds. Then u is a strong solution of (2.5) and, moreover, u G C^([0, T]; L^). 
Proof By the same arguments as in [2, Proposition 2.6]. □ 

Remark 2.7 Here in (ii) we add the assumption G T^iL) and G T>{L), t G [0,T], as we 
can not deduce P(0 G 'C(iv) for G L^, since [Pt) might not be analytic. 

Proposition 2.8 Suppose (A4) holds. If u is a strong solution for (2.5), it is a mild solution 
for (2.5) i.e. Ut = Pr-^t^^ + Ps-tfsds. 

Proof For fixed t, e V{L), {ut, PT~tV)-{ut, (f) = J^{-Lus-fs, Ps^tV)ds+ J^{us, LPs^t^)ds. 
Here L, Pt denote the adjoints on L2(M'^,m) of L, Pt respectively. As u is a strong solution, 
we can deduce that {ut,^) = {Px-t't' + Ps-tfsds,Lp). Since T>[L) is dense in L^, the result 
follows. □ 
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Proposition 2.9 Assume that conditions (A1)-(A4) liold, / G L'^{[0,T]; L^) and G L^. 
Tlien equation (2.5) lias a unique generalized solution u E F and 

Ut = PT-t(p + j^ Ps-tfsds. (2.6) 
The solution satisfies the three relations: 

\\ut\\l + 2j^ S'''\us)ds < 2 {fs,Us)ds+\\(f)\\l + 2a \\us\\lds, 0<t<T. (2.7) 

\\ur^<MTml + ir\\ft\\2dtr). (2.8) 
Jo 

{{ut,dtipt)+£'''\ut,ipt)+ {ba,D^Ut)iptdm)dt = / {ft,(ft)dt + {(l),ipT)-{ut„,'fto), (2-9) 
to ^ ^ to 

for any ip G feC^, to ^ [0, 7"]. is a constant depending on T. (2.9) can be extended easily for 
ipEbW''\[0,T];L^)nL\[0,T];F). 

Moreover, if u G -F is bounded and satisfies (2.9) for any ip G bCx with bounded /, 0, then 
M is a generalized solution given by (2.6). 

Proof [Existence] Define u by (2.6). First assume that 0,/ are bounded and satisfy the 
conditions of Proposition 2.6 (ii). Then, since u is bounded and by Proposition 2.6 we know that 
M is a strong solution of (2.5), hence it obviously satisfies (2.9). Furthermore, u G C^([0, T]; L^). 
Hence, actually u G BCt and consequently, 

T ^ r rT 

o.,b( 



{{us, dtUs) + 8°-' {us, Us) + J {ba, D„Us)usdm)ds = / (Z^, Us)ds + (0, ut) - (ut, Ut). 
By (2.3) we have J {ba, DuUs)usd'm > —a\\us\\l- Hence 

||Mt||^ + 2 / £''-\us)ds <2 ! {fs,Us)ds+\\(t)\\l + 2a I \\us\\ids, 0<t<T. 



As 

r-T rT 



/ {fs,Us)ds= {{fs,PT-s(p) + ifs, Pr^sfrdr))ds 
Jt Jt Js 

<Moe^-*(||0l|2 Wfshds + j\\\fsh [ \\frhdT)ds), 

and WusWlds < Mr-tiUWl + U^ Wfthdtf), we obtain, \\ut\\l + £-'\us)ds < MT-tm\l + 
{Jq \\ft\\2dtY). Hence, it follows that 



\\u\\l<Mrml + {f Uhdtf). (2.10) 
Jo 

Here Mx-t can change from line to line and is independent of /, 0. Now we will obtain the 
result for general data and /. Let {f^)neN be a sequence of bounded function in C^([0, T]; L^) 
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such that ft G T>{L) for a.e. t G [0, T] and ||/" — ft\\2dt — > (This sequence can be obtained 
since {atg{x);at G C^[0,T],g G bV{L)} is dense in L^([0, T]; L^)). Take bounded functions 
(0")n.eAf C ^^(iv) such that 0" — in L^. Let m" denote the solution given by (2.6) with 

By hnearity, u"' — is associated with (0*^ — 0*", /" — Since by (2.10) 



- < Mt(||0" - 0-^11^ + ( / ll/r - fThdtY). 

Jo 

we can deduce that {u^)neN is a Cauchy sequence in F. Hence u = hm„_j.ooW" in || ■ \\t is the 
generahzed solution of (2.5) and (2.6) follows. 

Next we prove (2.7)(2.8) (2.9) for u. We have (2.9) for with /",0'^ and ip G bCx, i.e. 

a.h/ „,n 



(«, dm) + ^^'^■''(ur, ^0 + j {ba, D^u'l)iptdm)dt = I (/,", ipt)dt + (0", ^t) - {ul ipo). 

We have | J^^ £"''^{u^ - Ut, (pt)dt\ 0, and 

\[ [ {ba,D^{u'l -ut))ifitdmdt\ <\\ip\\^{ [ ! \hcr\^ dmdt)^ { I [ \D^{u1 - Ut)\'^dmdt)^ ^ 0. 
Jo J Jo J Jo J 

Hence we deduce (2.9) for any ip G bCr- 

Since H^^J^Ht ll^tllr, we conclude lim„^oo /o^^^"'''(^r)'^^ = Jo ^°''^{''^t)dt. As the relations 
(2.7), (2.8) hold for the approximating functions, by passing to the limit, (2.7) and (2.8) follows 
for u. 

[Uniqueness] Let t> G F be another generalized solution of (2.5) and (w")„gAr, {(j)"-)n£N, (/"Ongiv 
be the corresponding approximating sequences in the definition of generalized solutions. By 
Proposition 2.8, sup.^p.T] IK - <lli < MriWr - rWl + ilo HA" - fl^hdiy). Letting n -> oo, 
this implies u = v. 

For the last result we note that Vto > 0, G hCr 

T , r i-T 



{{uudt(pt) + £°" {uu(pt)+ {ba,D„Ut)(ptdm)dt = / {ft, cpt)dt + {(j), ipr) - {uto, (fto)- (2.11) 

to J J to 

For t > ^, define m" := n Ut-gds, f^ := n ft-sds,(f)"- := n ur-sds. Let us check that 
each also fulfills (2.11) with /",0"'. We set ip^ := ifr+s for < s + r < T. Then for fixed 
to G (0, T], and n > ^, 

((n^, dt^t) + E^hu^t. Vt) + / {ha, D^u^)^tdm)dt = f{f^, ^t)dt + (0", ^t) - «, ^t,)dt- 

to J J to 

For the mild solution v associated with /, 0, the above relation also holds with replacing u". 
Hence we have 



'to 



{{{u - vYt, dt^t) + 8-\{u - vY, ^t) + / {ha, D„{u - vY)iptdm)dt = -((«- v)l.ipt,). 
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And we have {u — v)f G bC^i rpy Hence, the above equation holds with {u 
function, i.e. for n > 7^ 

^(((u-v)-,d,{u-v)-)+£'^'\{u-v)l\ {u-v)-)+ [ {ba,D^{u-v)-)iu-v)-dm)dt = -{{u-v)^, {u- 

to J 

So we have ||(n - v)l^\\l + 2 ^"'^((n - v)'^, {u - v)1)dt < 2a \\{u - vflWldt. By GronwalFs 
Lemma it follows that — 'y)"^!!! = 0. Letting n — 00, we have —Vto\\2 = 0. Then letting 
to — 0, we have ||uo — Vq\\ = 0. Then Ut = PT-t4> + Jf^ Ps-tfsds is a generalized solution for 
(2.5). □ 

We can prove the following basic relations for the linear equation which is essential to the 
following section. The basic idea of the proof comes from [2]. As the definition of the solution 
is different from [2] and our bilinear form is not symmetric, we need to apply some results 
in Proposition 2.9 and some properties of the bilinear form S from (Al)-(A4) to conclude the 
following proposition. And here we also use some new estimates to deal with the non-symmetric 
part of the bilinear form S. The proof is included in Appendix C. 

Proposition 2.10 Assume (Al)-(A4) hold. Let u = {u^, be a vector-valued function, 

where each component is a generalized solution of the linear equation (2.5) associated to certain 
data f e Li([0,T];L2),(/)^ g for t = 1,...,/. Denote by 0, / the vectors = ((/)\ 0'), / = 
(/^,...,/^) and by -Do-n the matrix whose rows consist of the row vectors DcrU\ Then the 
following relations hold m-almost everywhere 

\ut\^ + 2j^ Ps-ti\D^u\^ + ^c\u,\^)ds = PT-t\4>\^ + 2 Ps^t{usJs)ds. (2.12) 
\ut\<PT-t\^\+ f Ps^t{us,fs)ds. (2.13) 



3 The Non-linear Equation 

In the case of non-linear equations, we are going to consider systems of equations, with the 
unknown functions and their first-order derivatives mixed in the non-linear term of the equation. 
The non-linear term is a given measurable function / : [0, T] x M*^ x x (g) M'"' — M', / G A^. 
We are going to treat the following system of equations. 

{dt + L)u + f{;;u,D^u) = ut = (I). (3.1) 

Here G L^{M.'^,dm;W). 

Definition 3.1 {Generalized solutions of the nonlinear equation) A generalized solution 
of equation (3.1) is a system u = (m^, m^, m') of / elements in F with the property that 
f{-,-,u,D^u) belongs to L^{[0,T]; L"^) and there are sequences which are strong solutions 
of (3.1) with data ((/>„, /„) such that 

\\un - u\\t 0, ||0„ - 0II2 0, and lim /„(-, ■,Un,D^Un) = /(-, ■,u,D^u) in L^([0, T]; L^). 

n— >-oo 
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Definition 3.2 {Mild equation) For every i G {1, /} we define the mild equation as 

u\t,x) = PT-t4>\x) + Ps-tf\s,-,Us,D„Us){x)ds,m-a.e.. (3.2) 

Lemma 3.3 m is a generalized solution of the nonlinear equation (3.1) if and only if it solves 
the mild equation (3.2). 

Proof The assertion follows by Proposition 2.9. □ 
We will use the following notation = ^J^^ G L'^{R'^;W), £{u,v) = 'ZLi ^ iu\ v') , 

E-{u,v) = J:\=i£%u\v'),u,v^ F\ \\u\\l ■= snVt<T \\ut\\l + £Z\Aut)dt,u e FK 

3.1 The Case of Lipschitz Conditions 

In this subsection we consider a measurable function / : [0, T] x M*^ x x M' (g) M'^ — )■ M' such 
that 

|/(t, X, z) - fit, x,y',z')\<Ci\y-y'\ + \z-z'\), (3.3) 
with t, X, y, y', z, z' arbitrary and C is a constant independent of t, x. Set f^(t, x) := f(t, x, 0, 0). 

Proposition 3.4 Assume that the conditions (A1)-(A4) hold and that / satisfies condition 
(3.3), /° G iv2([0,T] X M"',dt X dm;R^) and </> G L2(M<^;M'). Then the equation (3.1) admits a 
unique generalized solution u & and it satisfies the following estimate 

||n||^<e-(^+^^-f+--^)(||0||^+||/li.(,,,,,,.))^ 

Proof If M G F\ then by relation (3.3) we have 

\f{-,-,u,D,u)\ < |/(-,-,m,D.m)-/(-,-,0,0)| + |/(-, -,0,0)1 
<C(|n| + |D^n|) + |/°|. 

As /° G L^{[0,T] X R'^,dt X dm;W) and \D^u\ is an element of L'^{[0,T] x R'^), we get 
f{;;U,D,u) eL\[0,T]xR^;W).^ 

Now we define the operator A : — )■ F' by {Au)l := PT^t<P^ + j\ Ps^tf\s, -, m^, D^Us)ds, i = 
1, /. Then Proposition 2.9 implies that Au G FK In the following we write ^ := /*(s, ■, u^, -Do-u^ 

Since (AM)f — {Av)\ = Ps-t{fu.s "~ fv,s)ds is the mild solution with data (/* — /*,0), by the 
same arguments as in Proposition 2.9 we have 

^Ps^tifls - fUdsWln < Mt{ r \\fu,s - f.,shdsf 
t Jt 

<Mt{T -t) {\\us - VsWl + \\D^Us - D^Vs\\l)ds < Mt{T - t)\\u - v\\1^t]. 

where Mt can change from line to line. Here ||M||[Ta,T5] := {^^'9t<^[Ta,Ti,\ 11^*112 + /z^'' ^c2+i(^*)'^^)^' 
where < Tq < T;, < T. Fix Ti sufficiently small such that 7 := Mt{T — Ti) < 1. Then 
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we have — < 7||m — t>|| ^j. Then there exists a unique Ui G -F[Ti,t] such that 

Au, = m where F[r,,T,]':= C([r„ T,]; L^) n L\{Ta, T,); F) for G [0, T] and G [T,, T]. 

We define the operator : F' — )■ by (A^u)] := PT-^-tu\ /^^^ Ps-tPis, ■, Ms, D„Us)ds, i = 
1, /. Then by the same method as above, we get \\A^u — y4^t;||| < Mt(Ti — — 2-^]- 

Now we choose T2 < Ti such that Mt(Ti — t) < 1. Hence there exists a unique U2 G ^[^2 7^^] 
such that v4-'^n2 = U2. Define u := Uiljy^ + n2l[T2,Ti)- Then we have if T2 < t < Ti, that 



Pr-t0* + j Ps^tf\s,-,Us,D„Us)ds 

. ... 



\it> Ti, = PT-t<P'' + ^'^ Ps-tPis, ■,Ui^s^D(TUi.s)ds = u\^. Therefore, we can construct a 

solution over the interval [T2,T]. Clearly there exists n & N such that T < n(T — Ti). Hence, 
the construction is done after n steps. 

In order to obtain the estimate in the statement, we write 

1/ Uu,s,Us)ds\< WfshWUshds + C \\Us\\lds + C \\D„Us\\2\\Us\\2ds 

Jt Jt Jt Jt 

<\ [ WfsWlds + {\ + C + ^C') WusWlds + I jy\u,)ds. 

By relation (2.7) of Proposition 2.9 it follows that 

\\ut\\l + 2j £''^\us)ds<2 J if^,s,Us)ds + \ml + 2a [ \\us\\lds 

C 



rT rT 



<II0II2+ / \\f^\\lds + {l + 2C + — + 2a + C2) \\us\\lds + £'''\us)ds. 



Cl 



Now by Gronwall's lemma the desired estimate follows. 

[Uniqueness] Let ui and U2 be two solutions of equation (3.1). By using (2.7) for the 
difference ui — U2 we get 

\\ui,t - U2,t\\l + 2 ^ S^'^ui^s - U2.s)ds 

<2 / {f{s,-,ui^s,D„ui^s) - f{s,-,U2,s,D„U2,s),ui^s-U2,s)ds + 2a / \\ui^s - U2,s\\lds 
Jt Jt 

<2 j C{\D^Ui^s- P>aU2,s\A^l,s- U2,s\)ds+ {2a + C) j \\ui^s - U2,s\\lds 
<( hC2 + 2a + C)/ \\ui^s - U2,s\\lds + S^'^Ui^s - U2,s)ds. 

Cl Jt Jt 

By Gronwall's lemma it follows that Ui = U2. □ 
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3.2 The Case of Monotonicity Conditions 

Let / : [0, T] X M'^ X X (g) M'^ ^ W be a measurable function and E L'^iR'^, m; M') be the 
final condition of (3.1). We impose the following conditions: 

(HI) (Lipschitz condition in z) There exists a fixed constant C > such that for t,x,y,z,z' 
arbitrary, \ f{t,x,y,z)-f{t,x,y,z')\ <C\z-z'\. 

(H2) {Monotonicity condition in y) For x, y, y', z arbitrary, there exists a function /if G -Z^"^([0, T]; M) 

such that {y - y'J{t,x,y,z) - f{t,x,y\z)) < fitly - and at := Jq fisds. 

(H3) {Continuity condition in y) For t,x and z fixed, the map y H- f{t,x,y,z) is continuous. 

We need the following notation: /°(t, x) := f{t, x, 0, 0), f'{t, x, y) := /(t, x, y, 0)—f{t, x, 0, 0), 
/'•'■(t,x) := sup|j^|<,, |/'(t,x,y)|. 
(H4)For each r > 0, /'•'' G ^^([0, T]; L^). 
(H5) II0IU < oo, liriloo < oo, 101 G \f\ G L2([0,T]; L'). 

If m(M'^) < oo the last two conditions in (H5) are ensured by the boundedness of and /°. 
The condition (HI), (H4), and (H5) imply that if m G , then \f{u,D^u)\ G L^{[0,T]; L^). 
Under the above conditions, even if E is equal to a Hilbert space, it seems impossible to apply 
general monotonicity methods to the map V 3 u f{t, ■,u{-), D„u) G V because of lack of 
a suitable reflexive Banach space V such that V C "H C V. Therefore, also here we proceed 
developing a hands-on approach to prove existence and uniqueness of solutions for equation 
(3.1) as done in [2]. 

Lemma 3.5 In (H2) without loss of generality we can assume that fit = 0. 
Proof Let us make the change = exp{at)ut and 

0* = exp(ar)0, ft{y, z) = exp(at)/t(exp(-at)?/, exp{-at)z) - fity, 

for the data. Next we will prove that m is a generalized solution associated to the data (0, /) if 
and only if u* is a solution associated to the data (0*, /*). Hence we can write = PT-t4>\x) + 
Ps-tr{s, ■, Us, D^Us){x)ds, equivalently as 

Ut* =exp{at)PT-t(p\x) +exp{at) Ps-tr{s, ■,Us, D„Us){x)ds 
= exp{aT)PT~t<P\x) + (exp(af) - exp{aT))PT~t(l)'{x) 

+ (exp(af) - exp{as))Ps-tr{s, ■,Us, D^Us){x)ds + exp{as)Ps-tr{s, ■,Us, D^Us){x)ds 

=PT-t4>''*{x) + Ps-t{exp{as)f{s, ■ , exp{as)u*, exp{as)D„u*){x))ds 

- Ps~t{fJ's exp{as)PT-s(p\x) + Us exp{as)Pi-sr{l, ■, ui, D„ui)dl)ds 

=PT.t^^'*{x) + ^ Ps^tr{s, ul, D,u:){x)ds. 

Next we prove /* satisfies (H1)-(H5). It is obvious that (H1)-(H5) are satisfied. □ 
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Lemma 3.6 Assume that conditions (A1)-(A4), (HI) and the following weaker form of 
condition (H2) (with fit = 0) hold: 

(H2') (y,/'(t,x,y))<OforalH,x,|/. 

If M is a generalized solution of (3.1), then there exists a constant K depending on C,fj,t,T,a 
such that 

Ml<Kml+ rmildt). (3.4) 



Proof Since m is a solution of (3.1), by Proposition 2.9 we have \\ut\\l + 2/^ £°''^{us)ds < 
2 {fs,Us)ds + IImtIII + 2a \\us\\\ds. Conditions (HI) and (H2') yield 

<iC\D^Us\ + \f^\)\us\. 

Hence, it follows that 

\\ut\\l + 2 [ £^'\us)ds<2 [ [{C\D^Us\ + \fs\)\us\dmds+\\uT\\l + 2a [ 
Jt Jt J Jt 

<[ £'''\us)ds + {— + I + 2a + C2) [ \\us\\lds+ [ \\f^\\lds+\\uT\\l 

Jt Ci Jt Jt 

Then by Gronwall's lemma, the assertion follows. □ 
By a modification of the arguments in [2, Lemma 3.3] we have the following estimates. 

Lemma 3.7 Assume that conditions (Al)-(A4), (HI) and (H2') hold. If n is a generalized 
solution of (3.1), there exists a constant K, which depends on C,fi and T, such that 

||^^||oo< A'(||0||oo+||/loo). (3.5) 

Proof By Proposition 2.10 we have 

|wtP + 2^ Ps^ti\DM^)<PT^t\(p\^ + 2j^ Ps^t{usJsius.D^Us))ds. (3.6) 

Following the same arguments as in the proof of Lemma 3.6 we deduce {fs{us, DcrUs),Us) < 
{C\D„Us\ + \f^\)\us\. And by Proposition 2.10 (2.13) we get < Pt~s\<P\+ Pr-s{C\D„Ur\ + 
\f^\)dr. Then we have 

T 

Ps^tifsiUs, D^Us),Us)ds 
< j%s^t[{PT-s\(t>\ + Pr-s{C\D,Ur\ + \f^\)dr){C\D^Us\ + \f°\)]ds. 
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So, by (3.6) and Lemma C.6 we obtain 

<Pt-M + 2{[ P,^t[{PT-M+ [ Pr-s{C\D,Ur\ + \f^\)drmD,u,\ + \f^\)]ds) 

Jt Js 

<3Pt-M\^ + 2C^ r r P,^t{\D^u,\Pr^,\D^Ur\)drds + 2 f Ps^t{\f^\Pr^M)drds 

Jt Js Jt Js 

+ 2 j%,^AP,^,{C\D,u,\ + \f^){C\D,u,\ + \fMdrds. 



It Js 

Since 

rT rT 



I I Ps^APr^s{C\D,Ur\ + \fA){C\D,u,\ + \fMdrds 

Jt Js 

<\j^ j\Ps-t{C\D^uA + \fs\?]+Ps~t[{Pr-s{C\D^Ur\ + \fA)f]drds 

< j^"^ C'Ps^t\D^uf + P.-tlAT + lPr-t{C\D,Ur\ + If^lfdrds 



<2C\T-t)j P,.t\D,u,\Hs + 2{T-t) I Ps-t\fs?ds, 



and since by Schwartz's inequality one has 

^ ^ Ps-t{\D„Us\Pr-s\D„Ur\)drds< ^ ^{Ps-t\D^Us\^)drds + ^ ^{Pr^t\D^Ur\^)drds 
<{T-t) Ps-t\D,Us\Hs, 



It 

we conclude 



\ut\^ + 2j^ Ps.ti\D,uf)ds<3PT-t\(i)\^ + QC\T-t) Ps.t\D,Us\^ds + Q{T-t) Ps-t\fs?ds. 

Hence, the estimate of this lemma holds on the interval [T — e,T] where e > such that 
6C^e = 1. So we can deduce by iteration the estimate over the interval [0,T]. We obtain from 
the first estimate 

\ut\^< sup supir(PT-i|</.p + (T-t) / P,_i|/,Yc?s) 
te[o,T] xm.'i Jt 

< sup i^dl^^lloo + T^liril^) 

<K\u\\i + \\nio). 

which implies (3.5). □ 

By the same methods as in [2, Theorem 3.2], we obtain the following results. As the method 
is similar as in the proof of [2, Theorem 3.2], we will give the proof in the Appendix A. 
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Theorem 3.8 Suppose that m{dx) is a finite measure and that conditions (A1)-(A4), (Hl)- 
(H5) hold. Then there exists a unique generahzed solution of equation (3.1) and it satisfies the 
following estimates for some Ki and K2 independent of u, 0, / 



\urr<K,m\i + rmm. 

Jo 

lk||oc<i^2(||0||oo + ||/°||c 



\OOj 



Lemma 3.9 Assume conditions (Al)-(A4),(H1)-(H5) hold. If n G -F is bounded and for 
ipebCr satisfies S{ut, ^pt) + (u^, dtLpt)dt = J^{ft{ut, D„Ut), ipt)dt + (ut, ^t) - '^o)- Then 
we have 



11^^11^ + 2^ r''K)rfs<2^ {fs{us,D^Us),u,)ds+\\(l)\\l + 2a \\us\\lds, 0<t<T. 
Proof Define Ut=jh It-h "^sds. Choose 0t = m^, then we have 



^ 1 , . 1 



£{ut,u^l) + —{ut,ut+h) - ^{ut,ut_h)dt = j {ft{ut,D„Ut),u'l)dt+ {ut,u!^) - {ut,u^) 
That is to say, 

{ut,ut+h)dt - ^ I {ut,ut+h)dt+ I £{uuu^)dt 



T 



(3.7) 



(/f (uf, D^ut), u^)dt + (ut, u^t) - i^t, u 



h\ 



Letting /i —t- in (3.7), the assertion follows . □ 

For the case m{dx) = dx, we will use a weight function of the form 7r{x) = exp[— p^(x)], 
with 6 G C"'^(M'^) being a fixed function such that < 9{x) < \x\, and 6{x) = \x\ if \x\ > 1, and 
p G W'. If one chooses p > 0, then clearly one has m(M°') < 00. We denote the generalized 
Dirichlet form, function spaces and the generator associated with p > by S'', F^, C^, Lp 
respectively. In the case p = 0, we drop p in the notation, i.e. £ = S^. And for the case p = 0, 
we need the following condition. 



(A2') (Sobolev inequality) If p = 0, then cr is a bounded measurable field in and 

\\u\\g < CS%u,uy/\ \/u G Co°°(M^), 

where ~ + ^ = | and || ■ ||g denotes the usual norm in L^. And |6(t| G L'^{W^] dx) + L°°(M'^; m) 
c G L'^''^{m^- dx) + L°°(M'^; dx). 

If (A2'), (A2) are satisfied, for u,v G 6-F, we have 

£'{u, V) = jiD^u, D,v)dm + / cuvdm + j((ba + ha, D„u)vdm. 
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If p = 0, we additionally have S°''^{u,u) < CSi{u,u), and that F = F"-. We also need the 
following condition: 

(H6). 8''\u) < oo,M e L2 ^ M e F. 

The Sobolev inequality and (H6) are satisfied if a is uniformly elliptic. By [21, Lemma 4.20] 
we have: 

Lemma 3.10 Assume conditions (A2') and (H6) hold. Let p > and suppose a is bounded. 
Then it holds SP{u,(p) = £{u,(pexp{—9p)) + {MpU,ip)p, for u G Fp,(p G bFp, where MpU = 
p{DJ,D^u). 

Theorem 3.11 Suppose that m{dx) = dx, a is bounded and that the conditions (A1)(A2')(A3)(A4), 
(H1)-(H5), (H6) hold. Then there exists a unique generalized solution of equation (3.1) and it 
satisfies the following estimates with constants Ki and K2 independent of u, (p, f 

|2 / zv- /II J,l|2 , / II /0||2, 



\urr<m\<t>r2+ wmidt). 







fOll N 
00 I 



||n||oo<i^2(||0||oo+||f 

Proof Set for p > fit, x, y, z) := f{t, x, y, z) + p X]f=i X]f=i '^i{^)diO{x)zi{x), and consider 

{dt + Lp)u + f{u,D^u) = 0, UT = ^. (3.8; 
The associated weak equation has the form Vy? G bC^ 



T rT 

P 



£''{ut,(pt) + {ut,dt(pt)pdt = / {fl'{ut,D^Ut),(pt)pdt+ {ut,(Pt)p- {uo,(po)p. (3.9) 

Jo 

As satisfies conditions (H1)-(H5), we have a generalized solution of (3.8). 

Fix p > and take fn G C^iR"^) such that fnix) = 1 for x G 5„(0), /„(x) = for 
X G i?2„(0), dxjn{,x) are uniformly bounded and dxjn{x) — as n — )■ 00. If G 6Ct, then 
ipfnexp{9p) G As 

^''{u^t, Vtfn exp(6lp)) + «, dt(ptfn)dt = / (/f «, D„u^), fnVt)dt + (u^, /nV^r) - «, /n</?o), 



'0 ^0 

by Lemma 3.10 we have 



Vtfn) + «, dt(ptfn)dt = / (/t(uf, L'^O, /„V2t)c?^ + (?^T' U^t) " «, /nV^o)- (3.10) 

Jo 

If M G -Fp satisfies (3.10) for fixed p with test function ip G fcC^, then n satisfies (3.9) for p > p, 
with test functions (/? where <yC G bC!^. 

Now fix pi > 0. Then there exists a solution of (3.8) associated to pi. We conclude u^^ 
satisfies the weak equation (3.9) for all p > pi with (p G bC^. Then by Lemma 3.9 and the same 
arguments as in the uniqueness proof of Theorem 3.8 we have u''^ = u'^ for all p > pi. 
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Finally, we deduce that a solution of (3.8) associated to p is a solution of (3.8) for all p > 0. 
Then by Theorem 3.8, we have \\uP\\%p < i^i(||0|||p + Jq WftWl/t). Letting p ^ 0, by Fatou's 

Lemma, we obtain ||nl| = lim||nl|,^<limA'i(||0||2 + / \\fX,pdt) = K\m\l+ f WftWldt), 

and lln^^lloo < i^2(||0||oo + ||/°||oo). By (H6), we have G L'^{{0,T), F). For G pP for p > 0, 
we obtain — ^flh.p — ^ 0. Then there exists a subsequence such that u^j^^^ — )■ for 

m-almost every x. Hence, wf^/j^^ m^* for rfx-almost every x. Then by the same arguments as 



Lemma 3.9, we have 



ft+h pt+h _ pt+h 

H\\2,p-\\-t+h\\2,p\--y\ I (<,/f)prfs| + | / £''\ul)ds\+a HWl^c 



/t+h pt+h 
\\fsh,pds + M SZ\M)ds 



/t+h pt+h 
Wfshds + M £^;l^{uP)ds. Hence we 

have wf^/i^^ in L^(]R'^, dx). Since this reasoning holds for every sequence hn — > 0, we have 



G C([0,T],L^), hence G F. By above arguments, we deduce that 



T 



£{Ut, ^tfn) + {u1, dt(ptfn)dt = / (/((wf, D^u'^t), fn^t)dt + (m^, /„(/)r) - «, /nV'o)- 



Letting n — )• oo, we conclude that £{u^,if't) + {ut,dt(pt)dt = J^{ft{u^, DcrU^),(pt)dt + 
{ut,^t) - (mo,V5o)- 

Since ftiul.D^u'i) G ^^([0, T]; L^), we can choose (/")„g7v C C^{[Q,T] x R-^) such that 
j'o Wft ~ ft{ut, C>^u'l)\\2dt — ;> 0. Let be the generalized solution associated with (/"',0). 
Then f*^ is bounded. For := PT-t4>{x) + Ps-tf{s,-,u^,DfjU^){x)ds,weh.ave \\v"' — v\\t — )■ 0. 
On the other hand, by Lemma 3.9 we have 

K-v-\\l + 2 r £^'\u^, - v:)ds <2 f{f,{ulD^ul)-f:M-v:)ds + 2a f H - v^Wlds 
Jt Jt Jt 

<2M f \\fs{ul,D^ul)-f:hds + 2a H - v^gds. 
Jt Jt 

By Gronwall's lemma we obtain — u'^\\t — t- 0, as n — > oo. Therefore, we have = Vf. □ 



4 Martingale representation for the processes 
4.1 Representation under 

In order to obtain the results for the probabilistic part, we need £^ to be a generalized Dirich- 
let form in the sense of Remark 2.1 (iii) with C2,c = and c = 0. The Markov process 
X = {Q, J^oo, J^t, ^t, P^) is properly associated in the resolvent sense with £, i.e. : = 
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e °'^f{Xt)dt is an £^-quasi-continuous m-version of Gaf, where > is the resol- 

vent of S and / G BbiW'') fl L^(M'^; m). The coform S introduced in Section 2 is a generahzed 
Dirichlet form with the associated resolvent {Ga)a>o and there exists an m-tight special stan- 
dard process property associated in the resolvent sense with S. From now on, we obtain all the 
results under the above assumption. 

As mentioned in Remark 2.1 (viii), such a process can be constructed by quasi-regularity 
([23, IV. 1. Definition 1.7]) and a structural condition ([23, IV. 2. D3] on the domain J-" of the 
generalized Dirichlet form. 

We will now introduce the spaces which will be relevant for our further investigations. Define 

M := {M\M is a finite additive functional, E^[M^] < oo,E^[Mt] = 
for S — q.e.z G E and all t > 0}. 

M e is called a martingale additive functional{MAF) . Furthermore, define Ai := {M e 
M\e{M) < oo}. Here e(M) = l\ima-^oo a^E"'[J^ e'^'^M^dt]. The elements oi M are called 
martingale additive functional's (MAF) of finite energy. Let M G A^. There exists an S- 
exceptional set A^, such that (M^, J^t, P^)t>o is a square integrable martingale for all z e E\N. 
By [26, Theorem 2.10] M. is a real Hilbert space with inner product e. 
We consider the following condition: 

(A5) X is a continuous conservative Hunt process in the state space M'^Ujc?}. Ga is strongly 
continuous on V and £ is quasi-regular. C(f (M*^) C J-" and for u E J^, there exists a sequence 
{un} C C^(M'^) such that £{un — u,Un — u) — )■ 0, n — OO. Ffc := {x G M.'^, \x\ < k} is an £^-nest. 

Remark 4.1 The last two conditions in (A5) are satisfied if C^(M'^) is dense in J-". If S 
satisfies the weak sector condition, (A5) can be easily verified. They are also satisfied in our 
next two examples and Example 5.6 which do not satisfy the weak sector condition. 

Example 4.2 Consider b = (6*) : M'^ — > M'^ be a Borel-measurable vector field. Let us define 

= Am + (6, Vn) , yueC^{R'^). 

Assume that lim|a;|^oo(^(a;), x) = — oo, and that there exist Ci, C2, m G [0, 00) such that \b{x)\ < 
Ci + C2|xp,x G M'^ 

Then by [8, Theorem 5.3], there exists a probability measure fi on such that Jj^^ Ludfi = 
0,Vm G C^{M.^). And b G Li^ifj)- By [8, Theorem 3.1] we have djj, <^ dx and the density admits 
a representation tp^, where if G H^''^{M!^,dx). The closure of £^{u,v) = ^ f {'Vu,'Vv)d^;u,v G 
C^(M'^), on L'^{R'^,n) is a Dirichlet form. Denote 6° := 2Vip/Lp and (3 := b - W. Then we 
have 13 G L'^{W^]W^, jj). Then by [22, Proposition 1.10 and Proposition 2.4] (L,C^(M^)) is 
L^-unique. Then by the proof of [22, Proposition 2.4] for u G bj^ there exists a sequence 
{un} C C^(M'^) such that £{un — u,Un — u) ^ 0,n ^ 00. 

Consider the bilinear form 

£{u, ^) = \J (V^i, Vv)dfi - J Vu)vdfi u,ve C^(M.'^). 

Then by the computation in [26, Section 4d] we have that conditions (A1)-(A5) hold for the 
bilinear form £. 
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Example 4.3 Consider d > 2, A = (a*-') a Borel-measurable mapping on M'^ with values in 
the non-negative symmetric matrices on W^, and let 6 = (6*) : M*^ ^ M*^ be a Borel-measurable 
vector field. Consider the operator LA,b'ip = di{a^Wjip) + b^diip,'^ip G C^(]R'^), where we use the 
standard summation rule for repeated indices. By H^'^iM'^, dx) we denote the standard Sobolev 
space of functions on whose first order derivatives are in L^'(M'^, dx). Assume that for p > d 

{Cl)a'^ E H[^liR'^,dx), (a*J) is uniformly strictly elliptic in R'^. 

{C2p e L^^^{R'',dx). 

Here by Hi^^{M.'^, dx) we denote the class of all functions / on M.'^ such that fx G dx) 
for all X ^ (^^(M*^). And Ij'^^^{W'' , dx) denotes the class of all functions / on W'- such that 
fx e LP(R'^) for all x e C^(M'^). Assume that there exists V E C^(M'^) ("Lyapunov function") 
such that lim|a;|_j.oo ^(a;) = -|-oo, limi^-i^oo = — oo. Examples of V can be found in [9] 
and the reference therein. 

Then by [9, Theorem 2.2] there exists a probability measure fi on M*^ such that J^^ LA^fyipdfi = 
0,Wip E C^{M.'^). Then by [9, Theorem 2.1] we have dfi <^ dx and that the density admits a 
representation (p'^, where y?^ E H^^^CR'^^dx). The closure of 8^{u,v) = |/ {Vua,Vv)d^]U,v E 
C^(M'^), on L\R'^,^j) is a Dirichlet form. 

If in addition, there is a positive Borel function 9 on [0, oo) such that limt^oo6'(t) = +oo 
and LA^hVix) < ci — C26{\A~^h\)\A~^h\'^ , outside some ball, then by [7, Theorem 2.6] b E 
L2(M^;M^,^). Set 6° = (6?,...,fe2), where 6° := 2Y!^.^^a'^ dj^/ = And /3 := h-lP. 

By [7, Theorem 2.6] (3 E L2(M'^; M'^, /x). Then by [22, Proposition 1.10 and Proposition 2.4] 
(L, C^{R'^)) is L^-unique. Then by the proof of [22, Proposition 2.4] for u E there exists a 
sequence C C^(M'^) such that S{un — m, n„ — n) — t- 0, n — t- oo. 

Consider the bilinear form 

£{u,v) = ^ j {Vua,Vv)dfx- J {^(3,Vu)vdfx u,v E C^iR"^). 

Then by the computation in [26, Section 4d] we have that conditions (Al)-(A5) hold for the 
bilinear form S. 

For an initial distribution fi E ViW^), here P(M'^) denotes all the probabilities on R'^, we 
will prove the Fukushima reprensentation property mentioned in [19] holds for X, i.e. there 
is an algebra KiW^) C BbiR!^) which generates the Borel a-algebra BiW^) and is invariant 
under Ra for a > 0, and there are finitely many continuous martingales M^,...,M'^ over 
{^l,J^'^,J^t,P^) such that for any potential u = Raf, where a > and / E K(]R'^), the 
martingale part Aft"! of the semimartingale u{Xt) — u{Xq) has the martingale representation 
in terms of (M^, ...,M°'), that is, there are predictable processes Fi, ...,Fd on {Q,J^^,J^^) such 
that m|"1 = E •=! lo P'sdMi, - a.s.. 

By [25, Theorem 4.5], if Ga is sub-Markovian and strongly continuous on V, the Fukushima 
decomposition holds for u E T . 

Let us first calculate the energy measure related to (MM),n E C^i^^). By [26, (23)], for 



22 



bounded g G L^{W^^m), we have 

= lim lim (ae-(^+-)*(MM),) + lim J / (MN),a(7 + a)e-^^^'^^'dt) 

= lim lim e"*^'''"'""'** / PsG^gds) 

a^oo t— >oo ^ ' Jo 

POO 

+ lim «(7 + «)( / e-(^+")*E^^^.^((«(X,) - «(Xo) - Nt^r)dt) 

/■oo 

= lim «(7 + «)( / e-(^+")*E^^^.„((«(X,) - uiXo)r)dt) 

= lim 2a{u — aGaU, uG^g) — G^g — aGaG^g) 

=2{—Lu,uG^g) — {—Lv^.G^g) 
=28{u, uG^g) — £{u^, G^g) 

=2£°'(u, uG^g) — 6^(7) '^'^ j (^^' Dfju)uG^gm{dx) — j {ba, D^u^)Gjgm{dx) 

=2£\u, uG^g) - S^iu^, G^g) 

=2 j {D„u,D„{uG^g))dm — j {D„u^ , D„{G^g))dm 
=2 j {DcrU,Dcru)G^gdm. 

Thus, by [26, Theorem 2.5] we obtain /i^mM) = '^iD^u, D^u) ■ dm. So, for u,v E C^{M.^), under 
px quagi every point x, 

{M^'KMl^ = 2 f\± ±„y,^^)(X.)ds^ (4.1) 

"^0 ij=i 1=1 

Then by (A5) and [25, Theorem 4.4], we deduce (4.1) for every u,v E 

By (A5) Fk = {xe M'^, |x| <k},keN is an £^-nest. By [26, Theorem 3.6], for Ui{x) = Xi, we 
have the Fukushima decomposition for A^'^^\ and let M*^*^ G ■Mioc,(Fk)kGN the associated local 
martingale additive functional. We define the stochastic integral / ■ M'-*-' for / G L^(M"'; ^i^m'^^))) 
as in [12, p243], and for L G >1 we have (/ ■ M^^.L) = f ■ {M^'\L). 

Theorem 4.4 Assume (A5) holds. Let u G Co(M'^), then 

d 



i=l 



Proof By [26, Theorem 3.6], we have 
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n „t 
i=l i,j=l 

-2J2 u^XXs)u.,iXs)d{M^'\M^^^)s+J2 / Wx,(X,K,(X,)rf(M«,M(^')), = 0. 

□ 

Then by [26, Lemma 2.4, Lemma 1.18], we have 

(M«,M(^)), = 2 f y^a\{X;)al{X,)ds. (4.2) 

Lemma 4.5 Assume (A5) holds. Let Ci be a uniformly dense subset of Co(M'^). Here Co(M'^) 
denotes the continuous function with compact support. Then the family {/ ■ M^"' : / G G 
C^(M'^)} of stochastic integrals is dense in (7W,e). 

Proof Suppose that an MAF M G is e-orthogonal to the above family, namely, fdfi(^M,MM) 
0,V/ G Ci,u G C^iW^). This identity extends to all m G by [25, (13)] and (A5). Hence, ' 

(M,mM) = VmG-F. 

In particular, this holds for u = GaQ^a > 0,V(7 G Cq{W^). By [12, Theorem A. 3. 20] we deduce 
that M = 0. □ 

Theorem 4.6 Assume (A5) holds. Then the space M. can be represented by stochastic 
integrals based on M^*^ = M^^^, 1 < i < d: 

d d k „ 

M = {Y,U- M« : E E / {UfA^]){^)Hdx) < oo}, (4.3) 
i=i i,j=i 1=1 

and 

d d k „ 

e(E/« ■ ^^^^) = E E / iUA^'M^dx). 

Proof The space of the right hand side of (4.3) is dense in (A^,e), since it contains the set 

{/ . = Eti(/«^-J ■ / e C7o(M'^),M G C(J(K'^)}, which is dense in (>t,e) by Lemma 
4.5. Hence, it is enough to show that the right hand side of (4.3) is closed in (A1,e). 

Suppose that lim„^„o e(M„ - M) = for M„ = ^ti " ^^'^ Et=i /r. a.^f^^^ ff^ dm < 
oc,M e M. Set r := {f^\-.JS)- Since e(M„ - M^) = /j,, [(/" - /™)a|2rfm, we deduce 
that /"cr converges in L^(]R'^;m) to some hi for each i = l,...,d. Let /i = {hi,...,hd) and 

/ = /ir. Set M' = ^ti /i ■ ^^'^ then e(M„ - M') = / Hf" - f)a\^dm = [ |/V - /il^rfm, 

Jd 

which converges to zero as n — )■ oo. Therefore, we have M = M' and 

d k 



e(M) = V V / (/./,a,'a5)(x)m(rfx) < oo. 
i,,=l z=i ■^'^'^ 
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□ 



As a consequence, X satisfies Assumption (1) in [19]. Hence by [19, Theorem 3.1], we have 
the martingale representation theorem for X: 

Theorem 4.7 Assume (A5) holds. Let fi G V(R'^) charging no set of zero capacity. Then for 
any square-integrable martingale = {Nt)t>o on {Q,J^'^,J^^,P^^), there are unique predictable 
processes (F/ ) such that 



Moreover, by an analogous method to [19, Theorem 3.1] we have the martingale represen- 
tation theorem for X which is similar to [2]. 

Theorem 4.8 Assume (A5) holds. Then there exists some exceptional set A/" such that the 
following representation result holds. For every bounded J-'oo-measurable random variable ^, 
there exists an predictable process (0i, (f>d) : [0, oo) x f2 — )• M*^, such that for each probability 
measure z/, supported by M'^ \ A/", one has 



If another predictable process 0' = (0'^, 0'^) satisfies the same relations under a certain 
measure P^, then one has (j)^a{Xt) = (pta^Xf), dt x dP^ — a.s.. 

Proof Suppose that N is some fixed exceptional set. By /C we denote the class of bounded 
random variables for which the statement holds outside this set. By the same arguments as 
in the proof of [2, Theorem 4.7] we have that if C /C is a uniformly bounded increasing 
sequence and E_ = lim„^oo ■Cn then e /C. 

Let K{M.'^) C Bb{M.'^) be a countable set which is closed under multiplication, generates 
the Borel a-algebra and i?c,(A:(K'^)) C A'(M'^) for each a e Q+. Such K{R'^) can be 

constructed as follows. Choose A'o C Bb(M.'^) to be a countable set which generates the Borel 
a-algebra i3(M^). For / > 1 define Ni^i = {gi...gk, Rafgi-9kJ, 9i e AT,, G N U {0}, « G Q+} 
and K(M.'^) := U^^^i. 

Let Co be alU = 6 ■ ■ ■ ^n, neN, = e-^^' fjiXt)dt, where a, G Q+, /, G KiR"),] = 
l,...,n. Following the same arguments as the proof in [19, Lemma 2.2], we have that the 
completion of the cx-algebra generated by Cq is J^oo ■ By the first part of our proof a monotone 
class argument reduces the proof to the representation of a random variable in Cq. 

Let G Cq. Following the same arguments as the proof of [19, Theorem 3.1], we have 
Nf = E^{^\J^t) = Xlm where the sum is a finite one, and for each m, = Zf has 
the following form Zf = Vtu{Xt), (the superscript m will be dropped if no confusion may 
arise), where Vt = Yli=i Jq e~'^'''gi{Xs)ds and u{x) = Rp^+,„+p^{hi{Rp^+,„+p^h2...{Rp^^hk)...) for 





and 
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/3j G Q^,gi,hi G K(M.'^). We have u G Hence, by the Fukushima decomposition and 

the Fukushima representation we obtain 

u{Xt) - u{Xo) = + 4"^ = f GidM^^^ + 4"' P" - a.s.. (4.4) 

i=i 

for some predictable processes GK Then by the same arguments as the proof of [19, Theorem 
3.1], we deduce that Nt = E?=i £ Em K"" " G^J^'^dM^ , P"" - a.s.. As (4.4) holds for every x 
outside a set of zero capacity. Then we take the exceptional set M in the assertion to be the 
union of all these exceptional sets corresponding to n G -R'(M'^). □ 

One may represent separately the positive and the negative parts and then we have the 
following corollary. 

Corollary 4.9 Assume (A5) holds. Let A/" be the set obtained in the preceding theorem. 
Then for any J-'oo-measurable nonnegative random variable > there exists a predictable 
process </> = (0i, (f>d) ■ [0, oo) x ^2 — )■ M"' such that the following holds 



i=0 

and 



poo 

e = E^^iTo) + / 0:rfM» p^ 



a.s., 



/•oo -I 

/ \4>MX,)\'ds<-E''e, 
Jo ^ 



for each point x G M'^ such that -E^^ < oo. 

If another predictable process 0' = (0']^, 0^) satisfies the same relations under a certain 
measure P"^, then one has 0^cr(Xt) = 0tcr(A't), dt x dP^ — a.s. 

4.2 Representation under P"^ 

In the following, we use the notation ip{s., Xs).dMs := EiLi Jq i^ii^i ^s)dMs^\ 
Lemma 4.10 Assume (A1)-(A5) hold. If n G ^{L) and G Vu, then 

u{Xt)-u{Xo)= [ tlj{Xs).dMs+ [ Lu{Xs)ds P"^ - a.s.. 
Jo Jo 

Proof The assertion follows by the Fukushima decomposition, (4.2) and Theorem 4.6. □ 

The aim of the rest of this section is to extend this representation to time dependent 
functions u(t, x). 

Lemma 4.11 Assume (Al)-(A5) hold. Let n : [0, T] x R'^ M be such that 

(i) Vs, Us G 'D{L) and s — )■ Lu^ is continuous in L^. 

(ii) nGCi([0,T];L2). 
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Then clearly u & Ct- Moreover, for any ip G Vm and any s, t > such that s + t < T, the 
following relation holds P™-a.s. 

u{s + t,Xt) -u{s,Xq) = ! tlj{s + r,Xr).dMr + [ {ds + L)u{s + r,Xr)dr. 

Jo Jo 

Proof We prove the above relation with s = 0, the general case being similar. Let = 
to < ^1 < ••• < tp = t be a partition of the interval [0,t] and write u{t,Xt) — m(0,Xo) = 
X]n=o('"(^n+i, — u{tn, Xt,J). Then, on account of the preceding lemma, each term of the 
sum is expressed as 

M(t„+l,Xf„+J -u{tn,XtJ 
=u{tn+l, ^t„+i) - u{tn+l,XtJ + U{tn+1, XtJ - u{tn, XtJ 

"^\^+\Xs).dMs+ r^\ut^^,{Xs)ds+ dsUsiXtJds, 

where ip"''^'^ = {ipi~^^y ■■■y'^d'^'^) ^ ^^tn+i ^^e last integral is obtained by using the Leibnitz- 
Newton formula for the L^-valued function s — )■ n^. Below we estimate in the differences 
between each term in the last expression and the similar terms corresponding to the formula 
we have to prove. Here we use mPt < m i.e. J Ptfdm < J fdm for / G B~^. This holds since 
Pt is sub-Markovian. Then we have 

/ i;^^\Xs).dM, - / ij{s,X,).dMsf 



n + l 



=E'" / \{r^\Xs) - ij{s,Xs))a{Xs)\'ds < / - Us)ds. 

J tn ^ in 

Since s — > Lug is continuous in L^, it follows that s — is continuous w.r.t. £^"-norm. Hence 
the difference appearing in the last integral £°'{ut^^^ — Us) is uniformly small, provided the 
partition is fine enough. From this one deduces that Y.Vo SC' ^''^\Xs)-dMs ^ + 
r, Xr).dMr. The next difference is estimated by using Minkowski's inequality 

~ - 1/2 



(^™(E / {Lu,,.,.-Lus){X,)dsff 

n=0 

Ptn + l " rtn + 1 



s\\2ds, 



n=0 ''" n=0 

SO that it is similarly expressed as in integral of a uniformly small quantity. 
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For the last difference we write 



n=0 n=0 •'^^ 

r^\E^{dsUs{X,„f + Ps-tMus)\X,„) - 2dMXtJ{Ps-tJsu){X,J)y/'ds 
Y r"\E^{{dMXu.) - {Ps-t^dsU,){X,^)f + (P,_,„(9,n,)^(X,J - m.t^d,u,){X,^)f))f 

n=0 



< 

n=0 



From the hypotheses it follows that this will tend also to zero if the partition is fine enough. 
Hence the assertions follow □ 

Theorem 4.12 Assume (A1)-(A5) hold. Let / G Li([0,T]; L^) and (p e L'^{R'^) and define 

ut := PT-t<P + Ps-tfsds. 

Then for each G Vm and for each s G [0,T], the following relation holds P^-a.s. 

u{s + t,Xt) -u{s,Xq) = j tp{s + r,Xr).dMr- [ f{s + r,Xr)dr. 

Jo Jo 

In particular, if u is a generalized solution of PDE (3.1), the following BSDE holds P^-a.s. 

pT-s 

u{t, Xt-s) = 0(Xt-.) + / /(r, Xr-s, M(r, Xr-s), D„u{r, Xr-s))dr -I i){s + r, Xr).dMr. 

Jt Jt-S 

Proof Assume first that (p and / satisfy the conditions in Proposition 2.6 (ii). Then we have 

u satisfies the conditions in Lemma 4.11. Then by Lemma 4.11, the assertion follows. For the 
general case we choose associated (/"■, 0") as in Proposition 2.9. Then we have if n — oo, 
IIm" — u\\t 0. For we have 



As 



Xo) = / ^"(s + r,X,).rfM, - [ r{s + r,Xr)dr. (4.5) 
Jo Jo 



E™| [ {^lj''{s + r,Xr) -ijP{s + r,Xr).dMr\'^ < E"" [ \{iIj''{s + r, Xr) - ^J^i-s + r, Xr))a{Xr)\'^dr 
Jo Jo 

< [ r«+,-<+,)rfr. 

^0 

Letting n — oo in (4.5), we obtain the assertion. □ 
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5 BSDE's and Generalized Solutions 



The set M obtained in Theorem 4.8 will be fixed throughout this Section. By Theorem 4.8 we 
can solve BSDE's under all measures P^, x G M'^^ at the same time. We will treat systems 
of I equations, / G N, associated to M'-valued functions / : [0, T] x x M' x ® Mf" ^ M'. 
These functions are assumed to depend on the past in general and it turns out that a good 
theory is developed assuming that they are predictable. This means that we consider the map 
[s.uj) f(s,u,-,-) as a predictable process with respect to the canonical filtration of our 
process (J^t)- 

Lemma 5.1 Assume (A5) holds. Let ^ be an J-^-measurable random variable and / : 
[0, T] X r2 H- M an (J-'t)j>o-predictable process. Let A be the set of all points x G N'^ for 

which £''^(1^1 + Jq uj)\dsy < oo holds. Then there exists a pair {Yt, Zt)o<t<T of predictable 
processes Y : [0, T) x f2 i-)- M, Z : [0, T) x 1] H- M"^, such that under all measures P^, x G A, 
they have the following properties: 

(i) Y is continuous, 

(ii) Z satisfy the integrability condition \Zt(j{Xt)\^dt < oo, — a.s.. 

(iii) The local martingale /J Zg.dMs, obtained by integrating Z against the coordinate martin- 
gales, is a uniformly integrable martingale, 

(iv) they satisfy the equation Yt = ^ + f{s,uj)ds — Zg.dMs^P^ — a.s.,0 < t < T. If 
another pair (Y^,Z^) of predictable processes satisfies the above conditions (i),(ii),(iii),(iv), 
under a certain measure P^ with the initial distribution u supported by A, then one has 
Y. = Y.', P"" - a.s. and Zta{Xt) = Z[a{Xt), dt x P" - a.s.. 

Proof The representation of the positive and negative parts of the random variable ^ + fgds 
give us the predictable process Z such that ^ + fsds = E^'>{^ + f^ds) + /g Z,.rfM,. Then 
we get the process Y by the formula Yt = E^°{^ + fsds) + Zg.dMg — fsds. □ 

Definition 5.2 Let ^ be an M'-valued, J-r-measurable, random variable and / : [0,T] x f2 x 
measurable M'-valued function such that (s, u) i— )■ /(s, w, ■, ■) as a process is 
predictable. Let p > 1 and z/ be a probability measure supported by M'^ such that E'^\^Y' < 
We say that a pair (y^, Zt)o<t<T of predictable processes Y : [Q,T) x Vt M', Z : [0, T) x 1] t-)- 
]R'(g)M'^ is a solution of the BSDE (5.1) in Lp{P'') with data (^, /) provided that Y is continuous 
under and satisfies both the integrability conditions ■, Yj, Zt(j{Xt))\dt < oo, P^—a.s., 

E^iJ^ \Zta{Xt)\^dty/'^ < oo, and the following equation, with < t < T, 

Yt = i + f{s,u,Ys,ZsaiXs))ds- Z^.dM^, P" - a.s.. (5.1) 

Let / : [0, T] X X X (g) M.^ i-> be a measurable M'-valued function such that 
(s,a;) I— >■ f{s,u, ■, ■) is predictable and satisfies the following conditions: 

(fil) {Lipschitz condition in z) There exists a constant C > such that for all t,u,y, z, z' , 
\f{t,u,y,z) - f{t,u,y,z')\ < C\z - z'\. 

[Q2) {Monotonicity condition in y) There exists a function fif G L^([0,T],R) such that for all 
y, y\ z, {y - y\ fit, u, y, z) - f{t, w, y', z)) < iit\y - y'P, and at := /g /i.rfs < oo. 
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{Q3) {Continuity condition in y) For t,u and z fixed, the map y f{t,u,y,z), is continuous. 
We need the following notation u) := f{t, u, 0, 0), f'(t, u, y) := /(t, 0)—f(t, uj, 0, 0), 
:= sup|j^|<^ 

Let ^ be an M'-valued, J-r-measurable, random variable and, for each p > denote by Ap 
the set of all points x G f/'^ for which the following integrability conditions hold, 

E^' / f'/dt <oo, Vr > 0, (5.2) 
Jo 

rp 

E^m^+{[ \f{s,u)\dsr) <oo. 

Jo 

Denote by A^o the set of points x G JV'^ for which (5.2) holds and with the property that 

lei, |/°| eL-(P-). 

Proposition 5.3 Under the conditions (A5), (^21), (^22), (fi3), there exists a pair [Yt, Zt)Q<t<T 
of predictable processes Y : [0, T) x h-). M', Z : [0,T) x t-^ (g) M'' that forms a solution 
of the BSDE (5.1) in Lp{P^) with data (C, /) for each point x G Ap. Moreover, the following 
estimate holds with some constant K that depends only on C, fi and T, 

sup \Yt\P + ( r \Zt(j{Xt)\^dtr/') < KE^m^ + ( r \f{s,u;)\dsy), x G A^. 
te[o,T] Jo Jo 

If X G Aoo, then sup4g[o,T] l^tl e L°°(P^). 

If (y/, Zf') is another solution in L^{P^), for some point x G Ap, then one has Yt = F/ and 
Zta{Xt) = Z[a{Xt), dt x - a.s.. 

The proof is based on more or less standard methods. Therefore, we include it not here, 
but in the Appendix below. 

We shall now look at the connection between the solutions of BSDE's introduced in this 
Section and PDE's studied in Section 3. In order to do this we have to consider BSDE's over 
time intervals like [s,T], with < s < T. Since the present approach is based on the theory of 
Markov processes, which is a time homogeneous theory, we have to discuss solutions over the 
interval [s,T], while the process and the coordinate martingales are indexed by a parameter in 
the interval [0, T — s]. 

Let us give a formal definition for the natural notion of solution over a time interval [s,T]. 
Let ^ be an J-r„s-Kieasurable, M'- valued, random variable and / : [s, T] x 

an M'-valued, measurable map such that (/(s + l,u, ■, ■))/g[o,T-s] is predictable with respect to 
(J-;)ig[o,T-s]- Let 1/ be a probability measure supported by M'^ such that E'^\^\p < oo. We say 
a pair {Y^, Zt)s<t<T of processes Y : [s, T] x — M', Z : [s, T] x — M' ® M"^ is a solution in 
pP^P^) of the BSDE (5.3) over the interval [s,T] with data (^, /), provided that they have the 
property that reindexed as (Kj+;, Zs+i);g[o,T-s] these processes are (J-i)ig[o,T-s]-predictable, Y is 
continuous and together they satisfy the integrability conditions |/(t, ■, Yt, Zt(j{Xt-s))\dt < 
oo,P"-a.s., E''{j' \Zta{Xt-s)?dtY'^ < oo. and the following equation under P'^, 

yt = i+ / /(r,F„Z,a(X,„,))rfr- / Z,+,.dM,, s<t<T. (5.3) 

Jt Jt-S 
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The next result gives a probabilistic interpretation of Theorem 3.8. Let us assume that / : 
[0, T] X M*^ X R' X M' ® IR^ — is the measurable function appearing in the basic equation 
(3.1). Let : R'' — M' be measurable and for each p > 1, denote by Ap the set of points 
(s, x) G [0, T) X Af'^ with the following properties 

E^'^ f'''Xt,Xt-s)dt < oo, Vr>0. (5.4) 
E^(|0r(Xr„,) + ( r \f{t,Xt^,)\dsY) < oo. 

J s 

Set A = UpyiAp.Ap^s = {x e A/'^(s,x) e Ap}, and As = Up>iAp,,,s G [0,T). By the 
same arguments as in [2, Theorem 5.4], we have the following results. In particular, we can 
reconstruct solutions to PDE (3.1) using Proposition 5.3. 

Theorem 5.4 Assume that (A5) holds and / satisfies conditions (H1),(H2),(H3). Then there 
exist nearly Borel measurable functions {u,ip),u : A — )■ : A — > R' ® R'^, such that, for 

each s G [0,T) and each x G Ap^g, the pair {u(t, Xt_s),ip{t, Xt_s))s<t<T solves the BSDE (5.3) 
in LP{P^) with data {(p^Xx-s), fit, Xt-s,y, z)) over the interval [s,T]. 

In particular, the functions u,ip satisfy the following estimates, for (s,x) G Ap, 

E% sup \u{t,X,_s)\P + { r \Mt,Xt-s)\'dtr^') < KE-{\(j){XT-s)\^ + i f \f{t,Xt_s)\dtr). 

te[s,T] Js Js 

Moreover, suppose (Al)-(A4) hold, and the conditions in Theorem 3.11 hold when m{dx) = dx. 
If / and satisfy the conditions (H4) and (H5) then the complement of A2.S is m-negligible (i.e. 
m{A2g) = 0) for each s G [0,T), the class of u1a2 is an element of which is a generalized 
solution of PDE (3.1), ipa represents a version of D^u and the following relations hold for each 
(s, x) G A and 1 < i < I, 

u\s, x) = E-{<P\Xt-s)) + E'^fit, u{t, Xi_,), D,u{t, Xi„,))rft. (5.5) 



Remark 5.5 In the above theorem, we need the analytic results, i.e. the existence of a 
generalized solution of nonlinear equation (3.1), to obtain the above results. In the following 
example, we drop the conditions (Al)-(A4), in particular, we don't need \ba\ G L^(R'^;m) and 
use the results that the existence of the solution of BSDE (5.3) to obtain the existence of a 
generalized solution of nonlinear equation (3.1), which is not covered by our analytic results in 
Section 2. 

Example 5.6 Consider d > 2, A = (a*-') a Borel- measurable mapping on R'^ with values in 
the non-negative symmetric matrices on R*^, and let h = (U) : M.'^ R^ be a Borel- measurable 
vector field. Consider the operator 

LA,bi^ = a'^didjij + Udiij, \fi' G (R'') , 

where we use the standard summation rule for repeated indices. By H^'P{M.'^, dx) we denote 
the standard Sobolev space of functions on R'^ whose first order derivatives are in LP{M.'^,dx). 
Assume that for p > ci 
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(Cl)a*^' = a^' e H^^li^'^, dx),l< i,j < d. 

(C3) for all K relatively compact in there exist uk > such that 

< {ha,h) < VK\h\^ for all heW^,xeK. 

Here by H^^^iW^, dx) we denote the class of all functions / on such that fx ^ dx) 
for all X ^ (^^(M'^). And L|'^^(]R'^, rfx) denotes the class of all functions / on such that 
fx G LP{W^) for all x ^ Assume that there exists V E C^iR"^) ("Lyapunov function") 

such that lim|^.|^oo ^(a;) = + oo, lim\x\_^oo LA,bV{x) = — oo. Examples of V can be found in [9] 
and the reference therein. 

Then by [9, Theorem 2.2] there exists a probability measure fi on M'' such that J^^^ LA,b'ipdfi = 

Then by [9, Theorem 2.1] we have dfi <^ dx and that the density admits a representation 



on 



(^^ where (y?^ G HI;^^{R'^, dx). The closure oi S'^{u,v) = ^ J {Vua,Vv)dfx;u,v E C, 
L^(M'^, /x) is a Dirichlet form. 

Set = where 6° := Ejlil-^j-aij + 2a'^djip/ip),i = l,...,d. And /3 := 6 - 6°. 

Then, /3 e L2^^(M'^; M"^, /x). Then by [22, Proposition 1.10 and Proposition 2.4] {L,C^{R'^)) 
is L^-unique. Then by the proof of [22, Proposition 2.4] for u E bJ^ there exists a sequence 
{un} C C^(M'^) such that S{un — m, m„ — m) — )■ 0, n — )• oo. 

Consider the bilinear form 

£{u, v) = \j ^v)dii - j Wu)vd^i n, G Co"^(M'^). 

Then by the computation in [26, Section 4d] we have that conditions (A5) hold for the bilinear 
form £. Then we can use the first part of Theorem 5.4 to obtain the following results. 

Theorem 5.7 Consider the bilinear form obtained in Example 5.6. If / satisfies conditions 
(H1),(H2),(H3). Then there exist nearly Borel measurable functions (m, ■?/'), m : A —)■ R\ ip : A ^ 
R^ R'^, such that, for each s E [0,T) and each x E Ap^s, the pair {u(t, Xt-s),i'{t, Xt-s))s<t<T 
solves the BSDE (5.3) in Lp(P^) with data {(piXr-s), f\t, Xt_s,y, z)) over the interval [s,T]. 
In particular, the functions u,ip satisfy the following estimates, for (s,x) G Ap, 

E% sup |M(t,Xi_,)|P + ( r \ija{t,Xt.s)\'dty^') < KE^'MXr-sW + i f \f\t,Xt.s)\dtY). 

t&[s,T] Js Js 

Moreover, suppose / and satisfy the conditions (H4) and (H5) then the complement of A2.S 
is /x-negligible (i.e. fi{A2 = 0) for each s E [0, T), the class of wl^a is an element of which 
is a generalized solution of (3.1), ipa represents a version of D^u and the following relations 
hold for each (s, x) E A and 1 < i < I, 

u\s,x) = E%(P\Xt-s))+ [ E-f\t,Xt^,,uit,Xt.s),DMt,Xt^s))dt. 



Proof By [22, Lemma 3.1], we have for u E D{LA,b), u G D{£^) and S^{u,u) < — / Luudfi. 
By this, the first part of proof in Proposition 2.9 hold in this case i.e. the mild solution is 
equivalent to the generalized solution. Then the results in Theorem 4.12 hold. By the same 
arguments as in the proof of Theorem 5.4 and using Ptfi = fi, the assertion follows. □ 
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6 Further Examples 



\dD 



0, t>0, 



The following two examples discuss the case where PDE satisfies some boundary conditions. 

Example 6.1 Let D C M.'^ he a. bounded domain satisfying the cone condition. We choose 
m{dx) = lD{x)dx. If £" is a sectorial Dirichlet form, it is associated to a refiecting diffusion X 
in the state space D. Then by Theorem 3.8 there exists a solution to the non-linear parabolic 
equation 

{dt + L)u + f{t,x,u,D^u) = 0, 0<t<T, 
ut{x) = (f){x), X G R'^, 
du{t, 
dv 

where ^ denotes the normal derivative. Then Theorem 5.5 provides a probabilistic interpre- 
tation for this equation. 

Example 6.2 Let D dW^ he a, bounded domain satisfying the cone condition. We choose 
m{dx) = l£)(x)m((ix) and replace C^(M'^) by C^{D). Then the results in Theorem 3.8 apply 
and there exists a solution ui & F = Hq{D) to the following non-linear parabolic equation: 

{dt + L)u + fXt,x,u,D^u) = 0, 0<t<T, 
ut{x) = X G R'^. 

Assume S satisfies the weak sector condition. Let X° denote the diffusion associated with 
S^, where denotes the Dirichlet form which has the same form as S with the reference 
measure m{dx) replaced by dx. Then define 



X, :-- 



X?, if t < r, 
A otherwise, 



where r = inf{t > 0,X^ G -D'^ U A}. Assume (A5) holds for X'^. We use Theorem 5.5 for X*^ 
with the data {4){X^_^)l{T-s<T},^[o,T+s]{r)f{r,X'^_^,Yr,ZrCT{X'^_J). Then there exist nearly 
Borel measurable functions {u,'ip),u : A ^ M', ip : A ^ M! ^ M"^, such that, for each s G [0, T) 
and each x G Ap^s, the pair {u{t, X^_g),ip{t, X^_g))s<t<T solves the BSDE 



pTA(t+s) f-T-s 

Yt = 0(X°_Jl|r-,<.}+ / /(r,X°_„F„Z,a(X°_J)dr- / Zs+i.dMi, s <t <T. 

JtA{T+s) Jt-S 



Then by [17, Proposition 2.6] we have Y^ = 0,Zt = when t G [r + s,T], and the pair 

{u(t, Xt^s), 'lp{t, Xt-s))s<t<T solves the BSDE 

Yt = (j){XT-s) + [ f{r, Xr-s, Yr, Z,a(X,_,))dr - / Zs+i.dMi, s<t<T. 



Jt Jt~s 

In particular, the functions u^ip satisfy the following estimates, for G Ap, 

E% sup \u{t,Xt.sW + { f \^a{t,Xt.s)?dtY'^) < KE-mXT-s)\'' + { f \f{t,Xt.s)\dty 

t&[s,T] Js Js 
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The class of u1a2 is an element in which is an m-version of Ui, ipa represents a version of 
Df^u and the following relations hold for each (s, x) & A and I < i < I, 



u\s,x)=E%(t^\XT-s)) + E^r{t,Xt.s,u{t,X,_,),^{t,Xt.sHX,_s))dt. (6.1) 

Acknowledgement. I would like to thank Professor M. Rockner for valuable discussions and 
for suggesting me to associate BSDE's to generalized Dirichlet forms which was one motivation 
for this paper . I would also like to thank Professor Ma Zhiming and Zhu Xiangchan for their 
helpful discussions. 

Appendix A. Proof of Theorem 3.8 

[Uniqueness] 

Let Ml and U2 be two solutions of equation (3.1). By using (2.7) for the difference Ui — U2 
we get 

\\ui,t - U2,t\\l + 2 ^ £'''\ui,s - U2,s)ds 

<2 / {f{s,-,Ui^s,D„Ui^s) - fis,-,U2,s,DaU2,s),Ul,s-U2,s)ds + 2a / \\ui^s - U2,s\\2ds 
Jt Jt 

<2 J C{\D^ui^s- D„U2,s\,\ui,s-U2,s\)ds + 2a j \\ui^s - U2,s\\lds 

(j2 rT pT 

<( h C2 + 2a) / \\ui. - U2,s\\2ds + / £"-'^{ui. - U2,s)ds. 

Cl Jt Jt 

By Gronwall's lemma it follows that ui = U2- 

[Existence] The existence will be proved in four steps. 

Step 1: Suppose there exists r G M such that r > 1 + i^(||0||oo + ||/°||oo + H/'^^lloo), 
where K is the constant appearing in Lemma 3.7 (3.5), and / is uniformly bounded on the 
set Ar = [0,T] X M*^ X {\y\ < r} x W ® M'^. Define M := snp{\f{t,x,y,z)\ : {t,x,y,z) e 
Ar} < 00. Next we regularize / with respect to the variable y by convolution fn(t,x,y, z) = 
in} fj^i fit, X, y', z)ip{n{y — y'))dy', where is a smooth nonnegative function with support con- 
tained in the ball {\y\ < 1} such that J ip = 1. Then / = lim„_^oo fn and for each n, dy-fn are 
uniformly bounded on Ar-i. Set /i„(t, x, y, z) := /„(t, x, T^^^^T^jyl/, z). Then each hn satisfies the 
Lipschitz condition with respect to both y and z. Thus by Proposition 3.4 each hn determines 
a solution u„ G of (3.1) with data ((^, hn). By the same arguments as in [21, Theorem 4.19], 
we have that hn satisfies conditions (HI) and (H2') with the same constants (C > and /i = 0). 
As m is a finite measure and /''^ G L°°([0, T] x W^), we have /''^ G /.^([O, T]; L^). Since 

|/i„(t,x,0,0) / \f{t,x,y') - fit.x) + f{t,x)Mn{-y'))\dy' 
Jr' 

<\f{t,x)\ + f''\t,x), 

one deduces from Lemma 3.7 that ||u„||oo < r — 1 and ||?in||r < Kt- Since hn = fn on Ar-i, it 
follows that Un satisfies (3.1) with data {(j),fn)- 
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Now for b > 0, set dn,b(t, x) := sup|y|<^_]^ |^|<^ x, y, z) — fn(t, x, y,z)\. Obviously one has 
\dn,b\ < 2M. Moreover, on account of the ^/-continuity and of the uniform z-continuity, one sees 
that for fixed t,x,b, the family of functions {f{t,x,-,z)\\z\ < b}, is equicontinuous and then 
compact in < r — 1}). Since the convolution operators approach the identity uniformly 

on such a compact set, we get limn^oo dn,bi't,x) = 0, which implies \imn^oodn,b(t,x) = in 
L'^{dt X m) because of our assumption that m(R°') < oo. Moreover, for u G F\ |m| < r — 1 

\f{u,D„u) - fn{u,D„u)\ <l{\D^u\<b}dn,b + '2Ml{^D„u\>b} 

2M , 

<dn,b + — \D^u\. 

Next we will show that {un)n£N is a || ■ ||r-Cauchy sequence. By (2.7) for the difference ui — Un, 
we have 

|2iO / P<^''b( 



<2 {fi{s, -, Ui^s, D^Uis) - fn{s, ■, Un,s, D^Un,s), Ul^s - Un,s)ds + 2" ^ 
<2^ {\fl{s,-,Ul^s,DaUl^s) - fis,-,Ul^s,DaUl,s)\, \ui,s - Un,s\)ds 

DaUn,s) - f{s, D^Un,s)\, \ui,s - Un,s\)ds 

+ 2^ C{\D„ui^s- D^Un,s\Aui^s-Un,s\)ds + 2a \\ui^s - Un,s\\lds 
/"^ ['^ 2M 

<2 J {dib{s,-) +dn,b{s,-),\Ul,s-Un,s\)ds + 2 J —{\D^Ui^,\ + \D„Un,s\,\^l,s-Un,s\)ds 

+ 2^ C{\D„ui^s- D^Un,s\Aui^s-Un,s\)ds + 2a \\ui^s - UnAlds 



1 



<J^ \\di,b{sr)\\'2ds + J \\d^^,{s,.)\\lds + ^ {\\D,uiJl + \\D^u^4l)ds 
+ (1 + 4M2 + — + 2a + C2) / \\ui^s - Unjjds + / S^'^m^s - Un,s)ds. 

Cl Jt Jt 

Since ||Mn||T < Kt, we obtain WDcrUi^sWld-s < where the Kt is independent of / and b. 
Thus, for b,l,n large enough, for arbitrary e > we get 

\\ui,t-Un,t\\l + S'^'^Ul^s - Un,s)ds < e + k \\ui^t - Un,t\\lds, 

where K depends on C,M,^,a. It is easy to see that Gronwall's lemma implies that {un)neN 
is a Cauchy-sequence in F. Define u := lim„_i.oo and take a subsequence {rikjkeN such that 
Un^. — )■ u a.e. We have /(■, ■, Dau) — t- /(■, ■, n, D^u) in L'^{dt x m). Since — u||t — ^ 0, 
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we obtain HZ^o-m — DfjUnf.\\L^[dtxm) 

0. Then by (HI), it follows that 



^rik) \\L'^{dtxm) 



< lim C\\D^U - -DaMnJU2(dixm) 



=0. 



We also have 



2M 




Letting /c — >■ oo and then 6 — )• oo the above equality converges to zero. Finally, we conclude 



By passing to the limit in the mild equation associated to Un^. with data (0, /nj.), it follows that 
u is the solution associated to (0, /). 

Step 2: In this Step we will prove the assertion under the assumption that there exists 
some constant r such that / is uniformly bounded and r > 1 + Kdl^Hoo + ||/°||oo + 11/ '^||oo), 
where K is the constant appearing in Lemma 3.7 (3.5). Define fn(t,x,y, z) := f{t,x,y,j^^z). 

fn < Cn + ||/'''^'||oo + ||/°||oo on Ar. Each of the functions satisfies the same conditions as / 
and by Step 1, there exists a solution n„ associated to the data (0, fn). One has ||un||oo < r — 1, 
ll'^^nllr < Kt- Conditions (HI) and (H2) yield 



Since /„(t, x, ?/, 2)1|^|<„ = f{t,x,y,z)l\^\<n, and for n < /, \ fi - fn\l\z\>n < 2C|2;|1|^|>„, we have 

D„Un) - fniUn,D„Un),Ui - M„) | < | (2C| Z^^M^ 1 1 {|z)^„„ |>„} , \ui - M„|)|. 



lim \\fn^{Un^,D^UnJ - f {u, D„u)\\L2^atxm) 

^nfc) ||L2(cZixm) 



+ lim ||/(Mnfe,-DaM„J - /(M„fc,^CTM)|U2(dtxm) 



+ lim \\f{un^,D„u) - f{u,D„ 

^) ||L2((itxm) 

fc->oo 

=0. 



<C{\D^Ui - D^Un\, \UI - Un\) + \ {fl{Un, D^Un) - fn{Un,D^Un),Ul - n„)|. 
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Then, 

\\ui^t - Un,t\\l + "2 / S'^'^Ul^s - Un,s)ds 



<2 {fl{Ul,s, D„Ui^s) - fn{Un,s, D^Un,s), ^^Z,s - Un,s)ds + 2" ^ \\Ul,s " Unjljds 
<2 C{\D^Ui - D^Un\, \Ui - Un\)ds + \{2C\D^Un\l{\D:,u^\>n}, \Ul - Un\)\ds 

+ 2ay" \\ui^s - Un,s\\lds 
<i— + 2a + C2)J^ \\ui - UnWlds + S'''^{ui-Un)ds 



+ 8C(r-l)(^ \\lilD.u„\>n}\\lds)Hj^ \\D^Ur,Wlds)-^. 
As llMnllT < we have \\DfjUn\\lds < Hence, 



n 



^ - D„u4>n}\\lds < / \\D^U,,^l{\D^u^\>n}\\lds < —. 



Therefore, for n big enough 

\\ui,t - UnAl + ^'^'^{ui,s -Un,s)ds < { h 2a + C2) / \\ui - UnWlds + e. 

Jt Cl Ji- 

By Gronwalls' lemma it follows that {un)neN is a Cauchy sequence in FK Hence, u := lim„^oo 
is well defined. We can find a subsequence such that (wn^, D^jUnJ — (m, D^u) a.e. and conclude 

\fn,^{Un^,D„Un^)- f{u,D„u)\ < C\—— — D ^U^^ - D „u\ + \f {Un^, D „u) - f {u, D „u) \ 0. 

Since 

J - f{u,D„u)\ 

<\fiu,0)-f{u, D^U) I + I , ) - /„, {Un, , 0) I + I {Un, ,0)-f \ + \f-f{u, 0) | 

<C{\D,u\ + \D„u^J) + 2f' 



we have 

fn^{un^,D„Un^) f{u,D„u) in ( [0, T] , L^) . 

We conclude m is a solution of (3.1) associated to the data (0, /). 

Step 3: Now we only suppose that / is bounded. Hence, we can choose a constant r such 
that r > l+i^(||0||oo + ||/°||oo + ||/ '"^lloo), where K is the constant appearing in Lemma 3.7 (3.5). 
Let us define /„ := ^; "^^ (/ — /°) + /°. Easily we see that the /„ have the same properties as /. 

Since fn{t, x, y, z) = f{t, x, y, z) for /'''' < n, we have lim„^oo fn = f- We introduce the following 
notation: f'/{t,x) := supiy\<^\f^{t, x,y)\, and /^(t, x, y) := /„(t, x, 0) -/°(t, x). By the same 
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arguments as in [21, Theorem 4.19] we have |/^'^| < n A \ f''^\. Hence, by Step 2 we obtain that 
there exists a solution m.„ associated to the data (0, /") such that ||Mn||oo<''" — 1, ||M„||r< M, 
where M is a constant. For n < /, we have 

\j] - /„| < {C\z\ + 1/1)1-^ - jr^l < {C\z\ + |/'|)l{/.>„}. 

Hence 

/ \{fi{Un,D„Un) - fniUn,D„Un),Ui-Un)\ds <2{r -1) / {C\D„Un\ + f' ''')dmds . 

Jt Jt J{f'^^>n\ 



We start as in the preceding steps: 



\\ui,t - Un.tWl + ^ ^ £"'^{^1,8 - Un,s)ds 
<2 {fl{ui^s, DctUi,s) - fniUn,s, D„Un,s), Ul^s - Un,s)ds + 2" ^ 

<(— + 2a + C2) / \\ui-Un\\lds+ / £'''\ui - Un)ds + 4.{r - I) / / {C\D„Un\ + f '')dmds. 

Cl Jt Jt Jt J{f''^>n\ 



As hm^^oo I{f',r>n} f'^'drnds = 0, and 

/ / \DaUn\dmdt < \\l,j:>,r~^n}\\L'2{dtxm)\\DaUn\\L2{dtxrn) 0, 

Jt J{f'-^>n} 

we have as above that {un)neN is a Cauchy sequence in F'. Hence, u := hm^^oo exists in 
FK We can find a subsequence such that {un^,, D^Un^,) — ?■ {u,D„u) a.e. and we have that 

<'^{f':r<nJfiu,D^u) - L)^M„J| + 1|^',,.>„^j[|/(m,D^m) - f\ + \f{u,D^u) - f{Un„D„Un, 

<\f{Un^,D^u) - f{Un^,D^Un^)\ + \ f{Un^,D^u) - f{u,D^u)\ + 1{ j | /(u, - f\. 

As in the above proof we have fn^{un^, Da-UnJ — )• f{u,D„u), in L^([0, T], L^). We conclude u 
is a solution of (3.1) associated to the data (0, /). 

Step 4: Now we prove the theorem without additional conditions. Define /„ := ~ 

P) + /°. Since fn{t,x,y,z) = f(t,x,y,z) for /''^ < n, we have lim^^oo /n = /• Introduce the 
following notation: f'/it,x) := sup|y|<i \ f^{t,x,y)\ and f^{t,x,y) := /„(t,x,?/,0) - f{t,x). As 
in Step 3 we have |/^'^| < n A | / '^|. Since /^'^ is uniformly bounded, we can apply Step 3. Then 
we get a solution Un for the data (0, /„). The convergence of m„ can be shown analogously to 
Step 3. □ 

Appendix B. Proof of Proposition 5.3 

Let M^{M}) denote the set of (equivalence classes of )predictable processes {4>t}te\o,T] with 
values in M' such that ||0||m,^ := {E%j^ l^.pdr)^/^])!/? < qo. 
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M^^(M' M'^) denotes the set of (equivalence classes of )predictable processes {(j)t}te[o,T] 

with values in ® M'^ such that ||0||m?,, := (^""'[(/cT l^rC^l^r-)^^)^/^])^/^ < oo. 
Fix x G Ap. 

We note that (F, Z) solves the BSDE (5.1) with data (^, /) iff (F*, Z*) := (e"*Ft, e"*Zt), solve 
the BSDE (5.1) with data (e"^^,/'), where f'{t,y,z) := e°'/(t, e""*?/, e'^'z) - fitV- Therefore, 
we may replace (f22) by 

{y - y\ f{t, y, z) - fit, u, y', z)) < 0, for all t, x, y, y\ z. 

Step 1 Assume that / is Lipschitz continuous with respect to both y and z. Define a 
mapping $ from Bl := M^{R^) x M^^^{W (g) W^) into itself as follows. Given (f/, y) G 5^, we 
can set $(t/, V^) := (Y, Z), where (Y, Z) is the solution of the BSDE (5.1) associated with data 

f{U,Va{X))) given by Lemma 5.1. Then by Ito's formula and BDG inequality, we obtain 
E-[sup,g[o,T]lF|'] < OO. Let ([/,F),(f/',r) G {¥, Z) = ^U,V), iY\Z') = ^{U',V'), 
(U, V) = (U - [/', V -V), (F, Z) = {Y - Z -Z'). It follows from Ito's formula that for 
each 7 G -R, 



<2KE^ [ e'''\Z\{\U,\ + \Vsa{Xs)\)ds 



<AK''E- + ^E^ j\^'{\Us\' + \VMXs)\')ds, 

where K is the Lipschitz constant of /. We choose 7 = 1 + AK"^. Then 

E- r e-'^ilYsl' + \Zsa{Xs)f)ds <Ie^ T e^'^df/,!^ + |Ka(X,)|2)rfs, 
Jo ^ Jo 

from which it follows that $ is a strict contraction on B"^ equipped with the norm: 

iii(>^,^)iii^ = (^^ re^\\n' + \zMxmdty/'. 

Jo 

Define a sequence (y^, Z") by (F"+\ Z"+i) := $(1"", Z"). We have for 7 = 1 + iK^ 
E^ j\^\\Y:-Yr'\'M{Z:-Z:^')a{X,)\')ds<^E^ 

Then we have the a.s. pointwise convergence of {Y^, Z^ij{Xs)) under each measure P^, x G A^. 
Denote the limit by (Fj, Zsij{Xf^)). Then this is the fixed point of $ under the norm 1 1 1 (F, Z) 1 1 \^. 
So we have (Kj, Zg) is the solution of BSDE (5.1). 

Step 2 We assume /, ^ are bounded. 

We need the following proposition. 

Proposition B.l Assume condition (A5). Given V G P^xM"^ ^{E} , there exists a unique 
pair of predictable processes {Yt, Zt) G Ml X M2^.(M' ® M'^), Vx G M"" satisfying under all P^, 

Yt = i + fis,Ys,Vs)ds- ZsdMs, 0<t<T. 
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Using Proposition B.l, we can construct a mapping $ from into itself as follows. For 
any ([/, V) e (F, Z) = $([/, V) is the solution of the BSDE 

Yt = i + fis,Y,,Vs)ds- ZsdMs, 0<t<T. 
Then as in Step 1, we have 

e^*E^|Fi|2 + e^'{l\Ys? + \Z,a{X,)\^)ds 

<2KE'' e^'\Ys\ X \Vsa{Xs)\ds 

<E- j\^^{2K^\Ys\'' + ]^\V,(j{X,)\^)ds. 

Then by the same argument as in Step 1, we obtain the assertion of Proposition 5.3 if /, are 
bounded. 

Proof of Proposition B.l We write /(s, y) for /(s, y, Vg). 

By C we denote the constant satifying \^\'^ + sup^ 0)^ < C a.s.. Define f"'(t,y) : = 
(Pn * fit, ■)){y), where p„ : i— t- is a sequence of smooth functions with compact support 
satisfying J pn{z)dz = 1, which approximate the Dirac measure at 0. Then each is locally 
Lipschitz in y, uniformly with respect to s and u. 

Define for each m G N, f'^''^{t,y) := /""(t, ^^^^^j^y^y). Then is globally Lipschitz and 
bounded, uniformly w.r.t. {t,uj). As in Step 1, we have a unique pair [Y^'"^ , Z^'"^) e x 
M2^.(M' ® M'^) such that 

Yn,m^^^j^ fn,m^^^Y^,^)ds- Z^'^'dMs, < t < T. 

By Ito's Formula we have ly^"''"^ < e^C, < t < T. Consequently, for > e^C, [Y^'"^, Z^'"^) 
does not depend on m. Therefor, we denote it by {Yl^,ZJ^). Then by the same arguments as 
[10, Proposition 3.2] we have 

E% sup |y,^ - + E% f\{Z^ - Z\)a{X,)\'dt) < KE^[ f \f\t, Y,') - f{t, Y,')\'dt]. 

0<t<T Jo Jo 

We have for fixed w,supfc>, \f^{t, Y^") - f\t, Yl^)\^dt 0, / -> oo. Then we have 
supi?^' f \f\tX)-f\tX)?dt<E'^snv f \f\tX)-f\tX)?dt^Q, I ^ oo. 

k>l Jo k>l Jo 

and we can obtain a sequence of representable variables that converges rapidly enough under 
all measures P^, x G N''^. For each / = 0, 1, ... set 

mix) = inf{n > n,_i(x);supi?^[ T \f\t,Y,'') - /"(t, < i}, 

k>n Jo ^ 
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With this sequence one may pass to the hmit and define Z'^ = lim sup Zla{Xs) and Zg = 
Z'gT{Xs). Then we obtain the claimed results. □ 

So far we have proved the assertion when ^, / are bounded. Then by the same arguments 
as in [10, Theorem 4.2], one proves the general case. □ 

Appendix C. Basic Relations for the Linear Equation In this section we assume that 
(A1)-(A4) hold. 

Lemma C.l If m is a bounded generalized solution of equation (2.5), then satisfies the 
following relation for < ti < ^2 < ^ 

||<||^<2 rifs,ut)ds+\\ut\\l 
Jtl 

Proof Choose the approximation sequence for u as in the existence proof of Proposition 
2.9. Denote its related data by f"-, (jf . 
Suppose that the following holds 

IKO+II^ < 2 f\f:. {uT)ds + (C.l) 



where < ti < ^2 < Since ||M"i|2 are uniformly bounded, we have lim„_^oo jl^ifsi {'^^)^)ds = 

i!:{fs,ut)ds. 

By passing n to the limit in equation (C.l) the assertion follows. 

Therefore, the problem is reduced to the case where u belongs to bCr in the remainder 
we assume u e bCr ■ (2.9), written with u+ e bW^'^{[0, T]; L^) n ^^([0, T]; F) as test function, 
takes the form 



t2 rh , rt2 

{ut, dt{ut))dt + 8""^{ut,ut)dt+ I I {ba,D^Ut)utdmdt 
h Jtl Jtl 

t2 



tl 



{C.2) 

{ft,ut)dt+ {ut^,ul)) - {ut„ul)), 

By [3, Theorem 1.19], we obtain J^^{ut,dt{ut))dt = l{\\ul\\l - \\ul\\l). Then 

\\u+\\l + 2 [ £'''\uuut)dt + 2 f [{b(x,D^ut)utdmdt = 2 [ {ft,ut)dt + \\u+\\l. (C.3) 
Jtl Jtl J Jtl 

Next we prove for u G bF 

£{u,u+)>0. (CA) 
We have the above relation for u G 'D{L). For u G bF , by (A4) we can choose a uniformly 
bounded sequence {u^} C V{L) such that £^"2+1 — n) — )■ 0. Then we have 



j {ba, Dfju)u^dm — j (&cr, DijUn)u^dm\ — )■ 0. 
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Because £°-'^{u^) < sup„ < sup„£^"'^(M„) < oo, we also have 

As a result we have (C.4) for u E bF. So we have ||m^||2 < 2 J^^ (ft,uf)dt + \\uf^\\l. □ 

To extend the class of solutions we are working with to allow / G L^{dt x dm), we need the 
following proposition. It is a modified version of the above lemma. 

Lemma C.2 Let u G bF and / G L^{dt x (im) satisfying the weak relation (2.9) with test 
functions in bCT and some function > 0, G L'^r\L°°. Then m"*" satisfies the following relation 
with 0<ti <t2<T 

Il<ll2<2 

Proof First note that we can prove analogously to the above proof that for each u G bCx 
satisfying the weak relation (2.9) with data (0, /) over the interval [^1,^2], where e <ti <t2 <T 
for e > 0, the following holds 



ul\\l<2 [\ft,ut)dt+\\u+\\l 
Ju 



For M G -F we take approximating functions and (0^^, f^) as in the last part of the proof 
of Proposition 2.9 . And we have that m" satisfies the weak relation (2.9) for the data 0", /" 
with test functions in bCx over the interval [e, ^2] and ^ < s < t2 < T. Note lim„_j.oo ||/" "~ 
ftWidt = 0. Then we have < 2 J^^{f^, {utV)dt + where e < h < t2 < T 

for e > 0. The convergence of all terms, which do not depend on /, follows by the same 
arguments as in the above proof. Since u is bounded, it is easy to see that is uniformly 
bounded. Then we have limn^oo\J^^ifs^iu]^)^)ds — J^^ {fs,u^)ds\ = 0. Finally, we obtain 

11^4^112 < 2 J^^ift, uf)dt + ll^ijlli, where e < ti < t2 < T for e > 0. Letting e ^ 0, the assertion 
follows. □ 

The next Proposition is a modification of [2, Proposition 2.9]. It represents a version of the 
maximum principle. 

Proposition C.3 Let u G bF and / G L^{dt x dm),f > 0, satisfying the weak relation 
(2.9) with test functions in bCx and some function > 0, G fl L°°. Then u > and it is 
represented by the following relation: 

Ut = PT-t4> + / Ps-tfsds. 



Here we use Pt is a Co-semigroup on L}{W^\ m) to make Pg-tfs meaningful. 
Proof Let (/'")„g7v be a sequence of bounded functions such that < /" < /'"+^ < /, lim„_j.oo /" 
/. Since /" is bounded, we have /" G ^^([0, T]; L^). Define := PT-t<P + Ps-tf^ds. Then 
by Proposition 2.9, G -F is a unique generalized solution for the data (0,/"). Clearly 
< < u""^^ for n E N . Define y := — u and f '■= f^ — f ■ Then / < and y satisfies 
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the weak relation (2.9) for the data (0,/). Therefore by Lemma C.2, we have for ti G [0,T] 
WvtWl < 2 jl{fs,yt)ds < 0. We conclude that \\yl\\l = 0. Therefore, m > m" > for n e TV. 
Set V := lim.n^oou"'. By (2.7) we have 

+ 2 J^^ £'''\u:)ds < 2 J\f:, u:)ds + \mi + 2a \\u:\\ids, 

which implies that 

Wu^l + 2 j^'^'HOds < 2M^^ y \f:\dmds + + 2a Wu^Wlds. 

By Gronwall's Lemma, we have sup„ sup^^jQ ||'u"||2 <const. And we obtain lim„_^oo — 
f J2 = lim„_^oo I J ifs'^" ~ fsV.s)dmds\ = 0. By [14, Lemma 2.12] we have 

£Z+ii'^s)ds< I liminf^"'+i«)ds < liminf / £"'5.i«)rfs. 

Finally, for t G [0, T] we get 

\\vt\\l + 2 [ S''^\vs)ds < lim |K||2 + liminf / £"'^«)ds 



< hm (2 / (/;, u:)ds + UWl) + lim 2a / ||<||^(is 

n— >oo n— >oo 

=2 /" (/„^,)rfs+||0||2+ / WvsWlds. 



Since the right hand side of this inequality is finite and 1 1— ?■ f ^ is L^-continuous, it follows that 
V e F. 

Now we show that v satisfies the weak relation (2.9) for the data (0, /). As (p^{t) := — 
ft II 2 is continuous and decreasing, we conclude by Dini's theorem lim„_>.oo sup^gjQ j.] ||n" — II2 = 

0, and therefore lim„__^oo Jq ||^r~^t II2 — 0- Furthermore, there exists K G IR+ and a subsequence 
{nkjk^N such that | 8'^^^i{u'^^)ds\ < K,\/k ^ N. in particular /q^ / \D^u^''\^dmds < ^,yk E 
N. We obtain limfe_,oo ^^"'^«^ V3s)c?s = S'^^^Vg, ips)ds, and linifc^^oo /q^ J{ba, D^u1'')(psdmds 
lo I {bo', DcrVs)(psd'mds, which implies (2.9) for v associated to (</>,/). Clearly u — v satisfies 
(2.9) with data (0, 0) for (/? G bCx- By Proposition 2.9 we have u — v = 0. Since 

Vt = PT^t<P + Ps^tfsds, 

the assertion follows. □ 

Corollary C.4 Let u G bF and / G L}{dt x (im) satisfy the weak relation (2.9) with test 
functions in hCr and some function G fl Let G L^((it x dm) be a bounded function 
such that f < g. Then m is represented by the following relation: 

Ut = PT^t<j) + Ps^tfsds. 
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Proof Define /" := (/ V (— n)) A g,n & N. Then (/"')ngN is a sequence of bounded functions 
such that /" i / and f"'<g then by the same arguments as in Proposition C.3, the assertion 
follows. □ 

The following proposition is a modification of [2, Proposition 2.10] . It is essential for the 
analytic treatment of the non-linear equation (1.1) which is done in the next Section. 

Proposition C.5 Let u = [u^, be a vector valued function where each component is 

a generalized solution of the linear equation (2.5) associated to certain data 0*, which are 
bounded and satisfy the conditions in Proposition 2.6 (ii) for i = Denote by (p, f the 

vectors (p = (0^, 0'), / = (/^, /') and by D^rU the matrix whose rows consist of the row 
vectors D^jU^. Then the following relations hold m- almost everywhere 



\ut\ 



2^ Ps.t{\D„Us\^ + ]^c\Us\^)ds = PT-tW + 2 Ps.t{UsJs)ds. (C.5) 

\ut\ < Pt-M\ + ^ Ps^tius, fs)ds. (C.6) 

Here we write x = x/\x\, for x G M', x ^ and x = 0, if x = 0. 
Proof By Proposition 2.6 (ii) we have u G bCx- 

First we assume 1 = 1. If we can check that u"^ satisfies (2.9) with data {2uf — 2\Dau\'^ — 
cv?, cjp') for ip G hCxi then (C.5) will follow by Corollary C.4. We have the following relations: 



{ut,dt(pt)dt = 2 / {ut,dt{ut(pt))dt + {uq,(Po) - {ut,(Pt), 
Jo 

S'^'^ul ipt) = 2S'''\ut, utipt) - {2\D^utf + cul pt), 

and 

ba,D„{u]))(ptdm = 2 I {ha,D„Ut)ut(ptdm. 



For the second relation, we use (2.2). Since m is a generalized solution of (2.5), we have 



T 



{ut, dt{utipt))dt - {ut, utPt) + (mo, moV^o) - / {ft, Utipt)dt 

Jo 

S'''^{ut,utift)dt - / {ba,D^Ut)ut(ptdmdt. 



By the above relations, we have 

(mj , dtLpt)dt + (mq, ipo) - {ut, Pt) + (^"'^(^t , ^t) + / {ha, D„{uf))Lptdm)dt 

--2 ! {ftut,ft)dt- [ {2\D^Ut\^ + c\ut\^pt)dt. 
Jo Jo 



{C.7) 



Hence, by Corollary C.4 (C.5) holds in the case / = 1. To deduce this relation in the case / > 1, 

,j|2 , 



it suffices to add the relations corresponding to the components = 1, 
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For (C.6), define for s > 0, hs;(t) := y/t + e — i/e for t > 0. Then by integration by parts, 
we fiave 

S'^^Kilul'),^) =S^'\\u\\K{\u\')v) - mu\')\D^{\u\')\^^) 
+ {c{h,{\u\')-\u\X{\u\')),^), 



T T 

" {he{\ut\''),dm)dt= [ (|M^|^9i((/.i/^ul^^^)))c^^-(l^T^,^T/^ul^T^)) 

'0 Jo 

+ {\uo\\y^oK{\uo\^)) + {he{\uT\^),VT) " {h,{\u\l) , ^o) . 

the above relations we obtain 

T 

(heilUtl''), dm)dt - {he{\uT\^), </^t) + {he{\uo?), ^o) 
T 







mnt?)\D.i\ut?)\\vt) + {c{Ki\u?) - \u\Xi\u\')),v^)dt 
{{ft,ut)K{\ut\^),ipt)dt- I {h'^{\ut\^){2\D„ut\'' + c\ut\\^t)dt. 



As iD^dnp)!^ = A{u, D^u{D„u)*u), we deduce 



2{f,u)K{\u\') - 2K{\u\')\D^u\' - h':{\u\')\D^{\u\')\' 
{f,u)-\D„u\'^ \u\'^{u,D^u{D^u)*u) 



<- 



1 • 



By Proposition C.5 and since c(/ie(|n/) - 2\us\'^h'^{\us\^)) < 0, we deduce 

hsi\ut\') < Pr-Mm + r Ps^t-^^^f^ds. 

Jt {\us\^ + e)2 

Letting e — )■ obtain tlie results. □ 

Proposition 2.10 is a version of the above proposition for general data. Here we use Pt is a 
Co-semigroup on L^. 

Proof of Proposition 2.10 Analogously to the proof of Proposition C.5 it is enough to verify 
(2.12) for / = 1. For G L^, / G -^^^([0, T], L^), take </>„, /„ as in Proposition 2.9, then we have 

(a) . Un,t '■= Pr-t't'n + Ps-tfn,sds is a generalized solution , 

(b) . lim^^oo \\fn,s - fshds = 0, 

(c) . lim^^oo \\4>n - 011 2 = 0, 

(d) . lim„^oo \\un - u\\t = 0. 
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By Proposition C.5 we have 

|Mn,tP + 2^ Ps^ti\D^Un,s\^ + ^c\Un,s\^)ds = PT-t\K\^ + 2 Ps-t{Un,sJn,s) ds . (C.S) 

By (b) and (d) we obtain 



T 



Ps-tiiUn,s, fn,s) " (Us, fs))ds\\i 

<C( sup \\Un,s\\2 / \\fn,s - fshds + SUp \\Un,s - Us\\ / \\ fshds) . 
s6[0,T] Jt s6[0,T] Jt 

Here we used that Pt is a Co-semigroup on L^(M'^; m). By (d) we conclude that 

pT 1 1 1 

<(( / \\D^Un,s\\ldsf^ + { \\D^Us\\lds)^){ \\D^Ur,^s - D^UsWlds)^ ^ 0, 
Jt Jt Jt 

and that 



<M{{f ^eiiK.M.)U(/ s:;U^s)ds)^){ f S:Uun,s-U,)ds)^^Q. 

Jt Jt Jt 

Thus, weobtainhm„^oo/t'^-Ps-t(|^<7Mn,snc/s = Ps-t\D^Us\^ds, a.nd\im.n^ao Ps-t{\cUn,s\^)ds 
Ps^t\cUs\^ds. Passing to the hmit in equation (C.8) we get (2.12). 

For proving (2.13), we use the same method. □ 

By the above results, we obtain the following lemma by the same arguments as the proof 
in [2, Lemma 2.12]. 

Lemma C.6 If /, ^ G ^^([O, T]; L^) and G L^, then: 

^ Ps-t{fsPT^s<P)ds < ]^PT-t<f + Ps^t{fsPr-sfr)drds, m - a.c. (C.g) 
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